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Abstract

In this article, we revisit Ramanujan’s cubic analogue of Jacobi’s inversion formula for the

classical elliptic integral of the first kind. Our work is motivated by the recent work of Milne

(Ramanujan J. 6(1) (2002) 7–149), Chan and Chua (Ramanujan J., to appear) on the

representations of integers as sums of even squares.
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1. Introduction

Let

jðqÞ ¼
XN

n¼�N

qn2 ; jqjo1:
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The function jsðqÞ is the generating function of rsðnÞ; the number of representations
of an integer as a sum of s squares. Recently, Milne [8] discovered a new expression

for j24ðqÞ; namely,

j24ðqÞ ¼ 1
9
fE4ðqÞE8ðqÞ � 8E2

6ðqÞg; ð1:1Þ

where

E4ðqÞ ¼ 1þ 16
XN
k¼1

k3qk

1� ð�qÞk
;

E6ðqÞ ¼ 1� 8
XN
k¼1

k5qk

1� ð�qÞk

and

E8ðqÞ ¼ 17þ 32
XN
k¼1

k7qk

1� ð�qÞk
:

Milne’s formula (1.1) led Chan and Chua [5] to conjecture certain explicit

expressions for j2sðqÞ; sAN; in terms of Eisenstein series analogous to that of
E4ðqÞ;E6ðqÞ and E8ðqÞ: For any fixed s; their conjectures can be verified through a

table expressing the Eisenstein series in terms of two functions z :¼ j2ðqÞ and

x ¼ 16q
c4ðq2Þ
j4ðqÞ

with

cðqÞ ¼
XN
n¼0

qnðnþ1Þ=2:

For example if

T2kðqÞ ¼
XN
n¼1

n2k�1q2n

1� q4n
;

then we have Table 1.
Table 1 is used to show that the set S :¼ fT2uðqÞT2vðqÞju þ v ¼ 16g is linearly

independent over C: This in turn shows that q8c32ðq2Þ is a linear combination of the
elements in S; giving the formula

q8c32ðq2Þ ¼ 1

75 600

21

4
T2

8ðqÞ þT4ðqÞT12ðqÞ �
25

4
T10ðqÞT6ðqÞ

� �
; ð1:2Þ
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which is equivalent to the formula (for more details, see [9, (2.12)])

j32ðqÞ ¼ 1

4725
f�400E6ðqÞE10ðqÞ þ 16E12ðqÞE4ðqÞ þ 21E2

8ðqÞg:

In [5], Chan and Chua show that Table 1 can be extended indefinitely by using a
recurrence relation satisfied by T2kðqÞ: They show that the recurrence relation is a
consequence of the differential equation satisfied by the classical Jacobian elliptic

function sn2ðu; kÞ (here, k2 ¼ x).
In this paper, we propose to study the functions

S2kðqÞ ¼
XN
n¼1

n2kqn

1þ qn þ q2n
; kX1:

The functions S2kðqÞ are perhaps first studied by Ramanujan [10, p. 257]. Let

z3 :¼ aðqÞ ¼
XN

m;n¼�N

qm2þmnþn2

and

x3 ¼
c3ðqÞ
a3ðqÞ;

where

cðqÞ :¼
XN

m;n¼�N

qðmþ1=3Þ2þðmþ1=3Þðnþ1=3Þþðnþ1=3Þ2 :

Table 2 is given by Ramanujan.
Table 2 is clearly a cubic analogue of Table 1. For the proofs of these identities, see

[3] or [7]. In Section 2, we will show that Table 2 can be extended indefinitely using a
recurrence relation (see Corollary 2.4) satisfied by S2kðqÞ: This recurrence relation

Table 1

T4ðqÞ ¼ z4
x

16

� �2
T6ðqÞ ¼ z6

x

16

� �2
1� x

2

� �
T8ðqÞ ¼ z8

x

16

� �2
1� x þ 17

32
x2

� �

T10ðqÞ ¼ z10
x

16

� �2
1� x

2

� �
1� x þ 31

16
x2

� �

T12ðqÞ ¼ z12
x

16

� �2
1� 2x þ 291

32
x2 � 259

32
x3 þ 691

256
x4

� �
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is obtained from a differential equation (see (2.1)) satisfied by the function

LðujtÞ :¼
XN
k¼1

ð�1ÞkS2kðqÞ
ð2uÞ2k

ð2kÞ! : ð1:3Þ

Note that the definition of LðujtÞ is motivated by the following representation of

sn2ðu; kÞ [5]:

sn2ðu; kÞ ¼ � 8

z2k2

XN
k¼1

ð�1ÞkT2kþ2ð
ffiffiffi
q

p Þ ð2u=zÞ2k

ð2kÞ! :

The classical inversion formula for the incomplete elliptic integral of the first kind
is the following:

Theorem 1.1. Let 2F1ða; b; c; zÞ be the Gaussian hypergeometric series. If

0pqo1; 0pfpp=2; and

yj2ðqÞ ¼
Z f

0
2F1

1

2
;
1

2
;
1

2
; k2 sin2 t

� �
dt;

then for 0pypp=2;

f ¼ yþ 2
XN
n¼1

qn

nð1þ q2nÞ sin 2ny:

For a proof of this classical result, see [12].
On page 257 of his second Notebook, Ramanujan recorded the following

analogue of Theorem 1.1:

Theorem 1.2. If 0pqo1; 0pfpp=2 and

yaðqÞ ¼
Z f

0
2F1

1

3
;
2

3
;
1

2
; x3 sin

2 t

� �
dt

Table 2

S2ðqÞ ¼ z33
x3

27

S4ðqÞ ¼ z53
x3

27

S6ðqÞ ¼ z73
x3ð3þ 4x3Þ

81

� �

S8ðqÞ ¼ z93
x3ð81þ 648x3 þ 80x2

3Þ
37

� �
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then for 0pypp=2;

f ¼ yþ 3
XN
n¼1

qn

nð1þ qn þ q2nÞ sin 2ny:

Proof of Theorem 1.2 can be found in [3, Theorem 8.1, 13]. In Section 3, we will
sketch a proof of Theorem 1.2 based on the identity established in Section 2. We
wish to emphasize that Theorems 1.1 and 1.2 can be derived from certain differential
equations using suitable substitutions.
In the final section, we discuss a transformation formula satisfied by LðujtÞ:

2. The main identity

The main aim of this section is to derive a differential equation satisfied by LðujtÞ
defined in (1.3). Here and in subsequent sections, we set q ¼ e2pit; with Im t40:

Theorem 2.1.

d2LðujtÞ
du2

¼ �4S2ðqÞ � 4a2ðqÞLðujtÞ � 24aðqÞL2ðujtÞ � 32L3ðujtÞ: ð2:1Þ

The differential equation (2.1) first appeared in a different form in [3, p. 4209]. We
rediscover it in an attempt to construct a recurrence relation satisfied by S2kðqÞ:
Note that Theorem 2.1 indeed provides us with such a relation by simply comparing

the coefficients of u2k on both sides. We emphasize here that our proof of (2.1) is new
and can be used to construct differential equations satisfied by functions analogous

to LðujtÞ and sn2ðu; k2Þ:
We will prove (2.1) in several steps. Our first task is to find an alternative

expression for LðujtÞ: Recall that

W1ðzjtÞ :¼ 2q1=8
XN
n¼0

ð�1Þn
qnðnþ1Þ=2 sinð2n þ 1Þz

¼ � iq1=8eizðq; qÞ
N
ðqe2iz; qÞ

N
ðe�2iz; qÞ

N
;

where

ða; qÞ
N

¼
YN
k¼1

ð1� aqkÞ:

The second equality follows from the Jacobi triple product identity.
In [13, p. 129], Shen shows that

W01
W1

ðu þ ptj3tÞ � W01
W1

ðu � ptj3tÞ ¼ �2i � 4i
XN
n¼1

qn cos 2nu

1þ qn þ q2n
: ð2:2Þ
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Substituting the series expansion

cos 2nu ¼ 1þ
XN
k¼1

ð�1Þk ð2nuÞ2k

ð2kÞ! ð2:3Þ

into (2.2), interchanging the order of summation, and using the identity [3, p. 4173]

S0ðqÞ ¼ 1
6
ðaðqÞ � 1Þ;

we deduce that

Lemma 2.2.

W01
W1

ðu þ ptj3tÞ � W01
W1

ðu � ptj3tÞ ¼ �2
3
ð2þ aðqÞÞi � 4iLðujtÞ: ð2:4Þ

Now, since W1ðu þ ptj3tÞ and W1ðu � ptj3tÞ appears in the expression of LðujtÞ; we
are led to the function

f ðz; ujtÞ ¼ e2iz W1ðz þ u þ ptj3tÞW1ðz � u þ ptj3tÞW1ðz þ ptj3tÞ
W31ðzj3tÞ

;

where jujopjtj: The construction of f ðz; ujtÞ is guided by the transformation
formulas of W1ðzjtÞ given by

W1ðz þ pjtÞ ¼ �W1ðzjtÞ and W1ðz þ ptjtÞ ¼ �q�1=2e�2izW1ðzjtÞ:

Basically, we need an elliptic function f ðz; ujtÞ in the variable z with periods p
and 3pt such that its logarithmic derivative at z ¼ 0 involves the left-hand side
of (2.4).
Since W1ðzjtÞ has a simple zero at z ¼ 0; the function f ðz; ujtÞ has a pole of order 3

at z ¼ 0: The residue of f at z ¼ 0 is zero since the sum of residues of an elliptic

function is always zero. This implies, by logarithmically differentiating z3f ðz; ujtÞ;
that

resðf ; 0Þ ¼ 1

2

d2

dz2
ðz3f ðz; ujtÞÞ

	 

z¼0

¼ 1

2
½z3f ðz; ujtÞðf2ðz; ujtÞ þ f0ðz; ujtÞÞ�z¼0 ¼ 0; ð2:5Þ

where

fðz; ujtÞ ¼ 2i þ 3

z
� 3

W01
W1

ðzj3tÞ þ W01
W1

ðz þ ptj3tÞ

þ W01
W1

ðz þ u þ ptj3tÞ þ W01
W1

ðz � u þ ptj3tÞ: ð2:6Þ
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Since

lim
z-0

z3f ðz; ujtÞ ¼ �W1ðu þ ptj3tÞW1ðu � ptj3tÞW1ðptj3tÞ
W01ð0j3tÞ

3
a0;

we conclude from (2.5) that

f2ð0; ujtÞ þ f0ð0; ujtÞ ¼ 0: ð2:7Þ

We will first compute fð0; uÞ: It is known that [14, p. 489]

W01
W1

ðzjtÞ ¼ cot z þ 4
XN
k¼1

qn

1� qn
sin 2nz ¼ 1

z
þ z

3
1� 24

XN
k¼1

kqk

1� qk

 !
þ Oðz3Þ: ð2:8Þ

By substituting u ¼ 0 in Lemma 2.2, we find that

W01
W1

ðptj3tÞ ¼ �1
3
ð2þ aðqÞÞi: ð2:9Þ

Hence,

fð0; ujtÞ ¼ �aðqÞi � 4iLðujtÞ: ð2:10Þ

Next, differentiating both sides of (2.6), using (2.8) and evaluating at z ¼ 0; we
find that

f0ð0; ujtÞ ¼ 1� 24
XN
k¼1

kq3k

1� q3k
þ W01

W1

� �0
ðptj3tÞ þ MðujtÞ; ð2:11Þ

where

MðujtÞ ¼ W01
W1

� �0
ðu þ ptj3tÞ þ W01

W1

� �0
ðu � ptj3tÞ:

Now, since

Mð0jtÞ ¼ 2
W01
W1

� �0
ðptj3tÞ

and

f0ð0; 0jtÞ ¼ �f2ð0; 0jtÞ ¼ a2ðqÞ

by (2.7) and (2.10), we conclude that

W01
W1

� �0
ðptj3tÞ ¼ 1

3
ða2ðqÞ � Pðq3ÞÞ; ð2:12Þ
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where

PðqÞ ¼ 1� 24
XN
k¼1

kqk

1� qk
:

Hence, by (2.7), (2.10) and (2.11), we conclude that

Lemma 2.3.

MðujtÞ ¼ �2Pðq3Þ þ a2ðqÞ
3

þ ðaðqÞ þ 4LðujtÞÞ2:

Our final step is to find another relation between MðujtÞ and LðujtÞ: To achieve
our aim, we construct a second function

gðz; ujtÞ ¼ W1ðz þ u þ ptj3tÞW1ðz � u þ ptj3tÞW21ðz � ptj3tÞ
W41ðzj3tÞ

;

where jujopjtj: The function gðz; ujtÞ is an elliptic function with periods p and 3pt
having only one pole of order 4 at z ¼ 0: This implies that

resðg; 0Þ ¼ 1

24

d4

dz4
ðz4gðz; ujtÞÞ

	 

z¼0

¼ 0: ð2:13Þ

On the other hand, by logarithmically differentiating z4gðz; ujtÞ; we find that

d4

dz4
ðz4gðz; ujtÞÞ ¼ z4gðz; ujtÞðx3ðz; ujtÞ þ 3xðz; ujtÞx0ðz; ujtÞ þ x00ðz; ujtÞÞ;

where

xðz; ujtÞ ¼ 4

z
� 4

W01
W1

ðzj3tÞ þ 2
W01
W1

ðz � ptj3tÞ

þ W01
W1

ðz þ u þ ptj3tÞ þ W01
W1

ðz � u þ ptj3tÞ: ð2:14Þ

Since

lim
z-0

ðz4gðz; ujtÞÞ ¼ �W1ðu þ ptj3tÞW1ðu � ptj3tÞW21ðptj3tÞ
W01ð0j3tÞ

4
a0;

we conclude from (2.13) that

x3ð0; ujtÞ þ 3xð0; ujtÞx0ð0; ujtÞ þ x00ð0; ujtÞ ¼ 0: ð2:15Þ
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From (2.8) and (2.14), we find that

xðz; ujtÞ ¼ 2
W01
W1

ðz � ptj3tÞ þ W01
W1

ðz þ u þ ptj3tÞ

þ W01
W1

ðz � u þ ptj3tÞ þ 4

3
Pðq3Þz þ Oðz3Þ: ð2:16Þ

Substituting z ¼ 0 into (2.16) and using (2.4) and (2.9), we find that

xð0; ujtÞ ¼ �4iLðujtÞ: ð2:17Þ

Next, differentiating both sides of (2.16) with respect to z; substituting z ¼ 0 and
simplifying with (2.12), we deduce that

x0ð0; ujtÞ ¼ 2
3
ða2ðqÞ þ Pðq3ÞÞ þ MðujtÞ: ð2:18Þ

By Lemma 2.3, we find that from (2.18)

x0ð0; ujtÞ ¼ 4
3 a2ðqÞ þ 8aðqÞLðujtÞ þ 16L2ðujtÞ: ð2:19Þ

Finally, by differentiating (2.16) twice with respect to z and setting z ¼ 0; we
conclude that

x00ð0; ujtÞ ¼ �2 W01
W1

� �00
ðptj3tÞ þ W01

W1

� �00
ðu þ ptj3tÞ � W01

W1

� �00
ðu � ptj3tÞ: ð2:20Þ

Differentiating (2.2) twice with respect to u and substituting u ¼ 0; we deduce that

W01
W1

� �00
ðptj3tÞ ¼ 8iS2ðqÞ:

Furthermore, observing the fact that the expression we obtain from differentiating
twice the function

W01
W1

ðz þ u þ ptj3tÞ þ W01
W1
ðz � u þ ptj3tÞ

with respect to z is the same as differentiating it twice with respect to u; we conclude
that

W01
W1

� �00
ðu þ ptj3tÞ � W01

W1

� �00
ðu � ptj3tÞ ¼ �4i

d2LðujtÞ
du2

:

Hence, we may rewrite (2.20) as

x00ð0; ujtÞ ¼ �16iS2ðqÞ � 4i
d2LðujtÞ

du2
: ð2:21Þ
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Substituting (2.17), (2.19) and (2.21) into (2.15), we conclude the proof of
Theorem 2.1.
Let

VðujtÞ ¼ z3 þ 6LðujtÞ: ð2:22Þ

Then the differential equation (2.1) is equivalent to the differential equation given in
[3, (8.32)].
From Theorem 2.1, we obtain the following recurrence for S2k :¼ S2kðqÞ by

comparing coefficients of u on both sides of (2.1):

Corollary 2.4. Let k be any positive integer and

S2k :¼ S2kðqÞ ¼
XN
n¼1

n2kqn

1þ qn þ q2n
:

Then

S2kþ2 ¼ z23S2k þ 6z3
X

uþv¼k
u;vX1

ð2kÞ!
ð2uÞ!ð2vÞ!S2uS2v

þ 8
X

uþvþw¼k
u;v;wX1

ð2kÞ!
ð2uÞ!ð2vÞ!ð2wÞ!S2uS2vS2w:

Note that Corollary 2.4 shows that Table 2 can be extended indefinitely and that
S2k is a function of z3 and x3 for kX1: This result is a cubic analogue of the well-
known recurrence relations for the classical Eisenstein series [1, p. 13] and the
functions T2k [5].
We end this section with another proof of (2.1) and show how this differential

equation is related to the Weiestrass Y-function.
Using (2.2) and the fact that [14, p. 465]

W01
W1

ðu þ pjtÞ ¼ W01
W1

ðujtÞ and
W01
W1

ðu þ ptjtÞ ¼ W01
W1

ðujtÞ � 2i;

we find that

W01
W1

ðu þ ptj3tÞ � W01
W1

ðu � ptj3tÞ

is an even elliptic function with periods p and 3pt:
Now, W1ðzjtÞ has only one zero in the any period parallelogram. This implies that

the function LðujtÞ has two simple poles in any period parallelogram. Now the
expansion of LðujtÞ shows that it has a double zero at u ¼ 0 and these are the only
zeros since the number of zeros is equal to the number of poles for any elliptic
functions in a period parallelogram. Using the fact that any even elliptic function is a
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rational function of Y; we conclude that

Yðuj3tÞ ¼ A

LðujtÞ þ B

or

Yðuj3tÞLðujtÞ ¼ A þ BLðujtÞ; ð2:23Þ

for some functions A and B independent of u:
It is known [13, (2.4)] that the expansion of YðujtÞ is of the form

YðujtÞ ¼ csc2 u � 8
XN
n¼1

nqn

1� qn
cos 2nu � 1

3
PðqÞ;

where

PðqÞ ¼ 1� 24
XN
n¼1

nqn

1� qn
:

Substituting this expansion of Y and the expansion of LðujtÞ into (2.23), we deduce
that

1

u2
þ 1

15
1þ 240

XN
n¼1

n3qn

1� qn

 !
u2 þ?

 !
�2S2ðqÞu2 þ

2

3
S4ðqÞu4 þ?

� �

¼ A þ B �2S2ðqÞu2 þ
2

3
S4ðqÞu4 þ?

� �
: ð2:24Þ

Comparing coefficients of both sides of (2.24), we conclude from Table 2 that

A ¼ �2S2ðqÞ ¼ � 2

27
z33x3 and B ¼ � S4ðqÞ

3S2ðqÞ
¼ �z23

3
:

Hence, we obtain the identity

Yðuj3tÞ ¼ � 2

27

z33x3

LðujtÞ �
z23
3
: ð2:25Þ

We now give another proof of Theorem 2.1. Recall that the elliptic function Y
satisfies the differential equation

ðY0ðuj3tÞÞ2 ¼ 4Y3ðuj3tÞ � 4

3
1þ 240

XN
n¼1

n3q3n

1� q3n

 !
Yðuj3tÞ

� 8

27
1� 504

XN
n¼1

n5q3n

1� q3n

 !
: ð2:26Þ
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By Berndt et al. [3, Theorem 4.4], we may rewrite (2.26) as

ðY0ðuj3tÞÞ2 ¼ 4Y3ðuj3tÞ � 4

3
z43 1� 8

9
x3

� �
Yðuj3tÞ � 8

27
z63 1� 4

3
x3 þ

8

27
x2
3

� �
: ð2:27Þ

Substituting (2.25) into (2.27), we find that

dL

du

� �2

¼ � 8

27
z33x3L � 4z23L

2 � 16z3L
3 � 16L4: ð2:28Þ

Differentiating with respect to u; we conclude the second proof of Theorem 2.1.
We now make a few remarks about (2.25). This should be viewed as a cubic

analogue of the relation betweenY and the Jacobian elliptic function sn2ðu; kÞ [14, p.
505, 22.351]. The identity in cite [p. 505, 22.351] Watson–Whittaker can also be
written as

Yðuj2tÞ ¼ � z44x4

32L4ðujtÞ
� z24

3
;

where

L4ðujtÞ ¼
XN
k¼1

ð�1ÞkT2kþ2ð
ffiffiffi
q

p Þð2uÞ2k

ð2kÞ! ;

z24 ¼ j4ðqÞ þ 16qc4ðq2Þ

and

1

x4
¼ 1þ 1

64q

YN
k¼1

1� qk

1� q2k

� �24

:

The functions z4 and x4 belong to the quartic theory of elliptic functions [4].

3. Proof of Theorem 1.2

Throughout this section, we let q to be a real number between 0 and 1: From
(2.28), we find that

dL

du

� �2

¼ � 4

27
2z33x3L 1þ 27Lz23 þ 108L2z3 þ 108L3

2z33x3

� �
:
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This prompted us to use the substitution

sin2 F ¼ 1þ 27Lz23 þ 108L2z3 þ 108L3

2z33x3

¼: 1þC: ð3:1Þ

The validity of this substitution, namely the fact that �1oCo0 for 0ouop=2 is
shown in [3, pp. 4209–4211] and will not be repeated here. Our main aim is to
illustrate the possible origin of this substitution. From (3.1), we find that

2 sinF cosF
dF
du

¼ 27

2

ðz3 þ 6LÞðz3 þ 2LÞ
z33x3

dL

du
:

Squaring both sides and using (2.28), we deduce that

dF
du

¼ �ðz3 þ 6LÞ: ð3:2Þ

Note that the right-hand side of the last equation is just V by (2.22). Substituting
(2.22) into (3.1), we obtain the equation

4ð1� x3 cos
2 FÞS3 � 3S � 1 ¼ 0; ð3:3Þ

where

S ¼ z3

V
:

The unique solution to the equation 4ð1� yÞT3ðyÞ � 3TðyÞ � 1 ¼ 0 with initial
condition Tð0Þ ¼ 1 is

T ¼ 2F1ð13; 23; 12; yÞ:

Hence, we deduce from (3.3) that

z3

VðujtÞ ¼ 2F1ð13; 23; 12; x3 cos
2 FÞ: ð3:4Þ

Substituting (3.4) back into (3.2), we conclude that

z3 ¼ �2F1
1

3
;
2

3
;
1

2
; x3 cos

2 F
� �

dF
du

: ð3:5Þ

Hence,

z3 ¼ �
Z p

2
�
R u

0
V du

p
2

2F1
1

3
;
2

3
;
1

2
; x3 cos

2F
� �

dF:

Substituting y ¼ p
2
� F; we deduce Theorem 1.2.
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In a similar fashion, we can construct a quartic analogue of Theorems 1.1 and 1.2.
We first note that the quartic version of (2.28) is

dL4

du

� �2

¼ �L4

8
ðz44x4 þ 32z24L4 þ 256L2

4Þ:

This prompted us to set

sin2 F ¼ 1þ 32z24L4 þ 256L2
4

z44x4

: ð3:6Þ

This implies, by direct computation, that

dF
du

¼ � z24 þ 16L4ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
8L4 þ z24

q : ð3:7Þ

Setting V4 :¼ z24 þ 8L4; we deduce from (3.6) that

V4

z24
¼ 1þ

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
1� x4 cos2 F

p
2

;

which implies that

z24 þ 16L4ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
8L4 þ z24

q ¼ 2V4 � z24ffiffiffiffiffiffi
V4

p ¼ z4

2F1ð14; 34; 12; x4 cos2 FÞ
:

Substituting the last identity back into (3.7) and setting f ¼ p
2
� F we deduce that

Z f

0
2F1

1

4
;
3

4
;
1

2
; x4 sin

2 t

� �
dt ¼ z4u;

where

f ¼
Z u

0

2
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
V4ðtjtÞ

p
� z24ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi

V4ðtjtÞ
p dt;

and

V4ðujtÞ ¼ z24 � 8
XN
k¼1

kqk

1� q2k
þ 8

XN
k¼1

kqk

1� q2k
cos 2ku:

By using the relation in [3, Theorem 9.11, 4, Theorem 2.9], we have

V4ðujtÞ ¼ 1þ 24
XN
k¼1

kqk

1þ qk
þ L4ðujtÞ:
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This integral should be compared to Shen’s result [12, Theorem C]. We are unable
to simplify further the expression for f:

4. Behavior of LðujsÞ under the imaginary transformation s-� 1
3s

First, recall that the imaginary transformation for W1ðzjtÞ [2, p. 339, (0.54)]:

W1
z

t

���� 1

t

� �
¼ �i

ffiffiffiffiffiffiffiffi
�it

p
eiz2=ðptÞW1ðzjtÞ: ð4:1Þ

Differentiating (4.1) logarithmically with respect to z; we deduce that

W01
W1

z

t

���� 1

t

� �
¼ 2iz

p
þ t

W01
W1

ðzjtÞ: ð4:2Þ

Replacing z by z þ p
3
in (4.2), we have

W01
W1

z

t
þ p
3t
j � 1

t

� �
¼ 2iz

p
þ 2i

3
þ t

W01
W1

z þ p
3

���t� �
: ð4:3Þ

Next, we replace z by �z in (4.3) and find that

W01
W1

z

t
� p
3t

���� 1

t

� �
¼ 2iz

p
� 2i

3
þ t

W01
W1

z � p
3

���t� �
: ð4:4Þ

Subtracting (4.4) from (4.3), we deduce that

W01
W1

z

t
þ p
3t

���� 1

t

� �
� W01
W1

z

t
� p
3t

���� 1

t

� �

¼ 4i

3
þ t

W01
W1

z þ p
3

���t� �
� W01
W1

z � p
3

���t� �� �
: ð4:5Þ

Recall from (2.4) and (2.22) that

VðujtÞ ¼ �2þ 3

2
i

W01
W1

ðz þ ptj3tÞ � W01
W1

ðz � ptj3tÞ
� �

: ð4:6Þ

Hence, (4.5) translates to a transformation formula for VðujtÞ: Writing the right-
hand side of (4.5) using [14, p. 489]

W01
W1

ðzjtÞ ¼ cot ðzÞ þ 4
XN
n¼1

qn

1� qn
sin 2nz;

H.H. Chan, Z.-G. Liu / Advances in Mathematics 174 (2003) 69–88 83



we deduce that

V
z

t

���� 1

3t

� �
¼ �

ffiffiffi
3

p
itUðzjtÞ; ð4:7Þ

where

UðzjtÞ ¼
ffiffiffi
3

p

2

W01
W1

z þ p
3

���t� �
� W01
W1

z � p
3

���t� �� �

¼
ffiffiffi
3

p

2
cot z þ p

3

� �
� cot z � p

3

� �� �

þ 6
XN
n¼1

w3ðnÞ
qn

1� qn
cos 2nz; ð4:8Þ

with w3ðnÞ ¼ ðn
3
Þ being the Legendre symbol. Substituting (2.3) and the following

expansion

cot z þ p
3

� �
� cot z � p

3

� �
¼ 2

XN
k¼0

cotð2kÞðp
3
Þ

ð2kÞ! z2k ð4:9Þ

into (4.8) and simplifying, we find that

W01
W1

z þ p
3

���t� �
� W01
W1

z � p
3

���t� �
¼ 2

XN
k¼0

cotð2kÞðp
3
Þ

ð2kÞ! E2kðw3; qÞz2k; ð4:10Þ

where

E2kðw3; qÞ ¼ 1þ ð�1Þk 22kþ1 ffiffiffi
3

p

cotð2kÞ p
3

� �XN
n¼1

w3ðnÞ
n2kqn

1� qn
: ð4:11Þ

Therefore, we have

UðzjtÞ ¼
ffiffiffi
3

p

2

W01
W1

z þ p
3

���t� �
� W01
W1

z � p
3

���t� �� �

¼
ffiffiffi
3

p XN
k¼0

cotð2kÞðp
3
Þ

ð2kÞ! E2kðw3; qÞz2k

¼ aðqÞ þ
ffiffiffi
3

p XN
k¼1

cotð2kÞðp
3
Þ

ð2kÞ! E2kðw3; qÞz2k; ð4:12Þ
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since [2, p. 346, Entry 1(v)]

aðqÞ ¼ 1þ 6
XN
n¼1

w3ðnÞ
qn

1� qn
:

The first few E2kðw3; qÞ for kX1 are

E2ðw3; qÞ ¼ 1� 9
XN
n¼1

w3ðnÞ
n2qn

1� qn
;

E4ðw3; qÞ ¼ 1þ 3
XN
n¼1

w3ðnÞ
n4qn

1� qn
;

E6ðw3; qÞ ¼ 1� 3

7

XN
n¼1

w3ðnÞ
n6qn

1� qn
:

These are clearly the cubic analogue of the classical Eisenstein series. The series
E2kðw3; qÞ were studied in [7], but the relation between E2kðw3; qÞ and S2kðqÞ was not
established there.
Recall from (2.22) that

VðzjtÞ ¼ aðqÞ þ 6
XN
k¼1

ð�1Þk ð2zÞ2k

ð2kÞ! S2kðqÞ: ð4:13Þ

Using (4.12) and (4.13) in (4.7) and then equating the coefficients we deduce that

aðe�2pi=ð3tÞÞ ¼ �
ffiffiffi
3

p
tiaðe2pitÞ; ð4:14Þ

S2kðe�2pi=ð3tÞÞ ¼ ð�1Þkþ1
i
t2kþ1 cotð2kÞðp

3
Þ

22kþ1 E2kðw3; e2pitÞ; kX1: ð4:15Þ

The transformation formula (4.14) is a special case of the formula given in
[11, p. 205].
Identities (4.14) and (4.15) have interesting applications. For example, when k ¼ 1

we have

S2ðe�2pi=ð3tÞÞ ¼ i
1

8
t3 cotð2Þ

p
3

� �
E2ðw3; e2pitÞ: ð4:16Þ

From the first identity of Table 2, we have

S2ðe�2pi=ð3tÞÞ ¼ 1

27
c3ðe�2pi=ð3tÞÞ ¼ 1

3
ffiffiffi
3

p i t3 b3ðe2pitÞ; ð4:17Þ
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where

bðqÞ ¼
XN

m;n¼�N

on�mqn2þmnþm2

; o ¼ e2pi=3:

The last equality of (4.17) follows from the Z-product representations of bðqÞ and
cðqÞ [3, Lemma 5.1] and the transformation formula

Z �1
t

� �
¼

ffiffiffiffiffiffiffiffi
�it

p
ZðtÞ:

Therefore, we have

8

3
ffiffiffi
3

p b3ðe2pitÞ ¼ cotð2Þ
p
3

� �
E2ðw3; e2pitÞ: ð4:18Þ

We do not need to know in advance the value of cotð2Þðp
3
Þ: By setting q ¼ 0 in (4.18),

we deduce that

cotð2Þ
p
3

� �
¼ 8

3
ffiffiffi
3

p : ð4:19Þ

Hence,

E2ðw3; qÞ ¼ 1� 9
XN
n¼1

w3ðnÞ
n2qn

1� qn
¼ b3ðqÞ: ð4:20Þ

Using exactly the same idea, one can obtain a representation of E2kðw3; qÞ in terms of
x3 and z3 for any kX1: This shows that there is a one to one correspondence between

the identities associated with the triplets ðS2kðqÞ; z2kþ1
3 ; x3Þ and ðE2kðw3; qÞ; z2kþ1

3 ; x3Þ:
Formula (4.7) is equivalent to the formula

L
z

t

���� 1

3t

� �
¼ � 1

2
ffiffiffi
3

p tiHðzjtÞ; ð4:21Þ

where

HðzjtÞ ¼
ffiffiffi
3

p XN
k¼1

cotð2kÞðp
3
Þ

ð2kÞ! E2kðw3; qÞz2k:

Using the transformation formulas for aðqÞ; bðqÞ; cðqÞ and the formula

Y
z

t

���� 1

t

� �
¼ t2YðzjtÞ;
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we deduce from (2.25) that

YðzjtÞ ¼ 4

3

z33ð1� x3Þ
HðzjtÞ þ z23:

Remark. The generalization of (4.7) can be found in the excellent article by Kolberg
[6, (2.20)].

5. Conclusion

It is clear that there are many identities associated with the cubic theory which
are yet to be discovered. Functions such as HðzjtÞ and LðzjtÞ provides us with
some insights in constructing cubic analogues of the Jacobian elliptic functions.
However, the study of such functions is far from complete. For example, we
are still unable to find a cubic analogue of the famous Landen’s transformation
formula [14, p. 507] despite the fact that we now have a better understanding of this
theory.
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