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Abstract

In this article, we construct a general series for 1
p: We indicate that Ramanujan’s 1

p-series are

all special cases of this general series and we end the paper with a new class of 1
p-series. Our

work is motivated by series recently discovered by Takeshi Sato.
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1. Introduction

In [12], Ramanujan recorded a total of 17 series for 1=p; one of which is

4

p
¼
XN
k¼0

ð6k þ 1Þ
ðk!Þ3

1
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� �3

k

4k
; ð1:1Þ
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where

ðaÞk ¼ ðaÞða þ 1Þ?ða þ k � 1Þ:

Ramanujan did not indicate how he arrived at these series but instead hinted that
some of these series belonged to what are now known, after the work of Berndt et al.
[2], as ‘‘the theories of elliptic functions to alternative bases’’.

Ramanujan’s series for 1=p were not extensively studied until around 1987. The
Chudnovskys succeeded in extending Ramanujan’s list of series and derived the
following series which they used to compute over a billion digits of p:

6403203=2

p
¼ 12

XN
k¼0

ð�1Þk ð6kÞ!
ðk!Þ3ð3kÞ!

ð13591409 þ 545140134kÞ
6403203k

: ð1:2Þ

For a recent discussion of the Chudnovskys’ series, see [3].
In [6], the Borweins provided rigorous proofs of Ramanujan’s series for the first

time and derived many new series for 1=p: Both the Borweins and the Chudnovskys
admitted that Clausen’s identity, namely, [6, p. 188]

2F1 a; b; a þ b þ 1

2
; z

� �� �2

¼ 3F2 2a; 2b; a þ b; a þ b þ 1

2
; 2a þ 2b; z

� �
;

plays an important role in their derivations of such series.
In this article, we will derive a general series for 1=p without using Clausen’s

identity. We will show that all the existing series for 1=p are special cases of this
general series. We will then specialize our series further to derive new classes of series
for 1=p: In particular, we will show that

8ffiffiffi
3

p
p
¼
XN
k¼0

Xk

j¼0

k

j

� �2 2ðk � jÞ
k � j

� �
2j

j

� �
1

64

� �k

ð1 þ 5kÞ: ð1:3Þ

Our work is motivated by the following series discovered recently by Takeshi Sato
[13]:2

1

p

ffiffiffiffiffi
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p

120ð4
ffiffiffi
5

p
� 9Þ

¼
XN
k¼0

Xk

j¼0

k

j

� �2
k þ j
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� �2
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2
� 3

20

ffiffiffi
5

p
þ k

� � ffiffiffi
5

p
� 1

2

� �12k

:

The above series shows that Clausen’s formula is probably not needed in the
derivation of Ramanujan’s series since there are no Clausen-type transformation
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formula for series such as

XN
k¼0

Xk

j¼0

k

j

� �2
k þ j

j

� �2

xk:

2. A general series for 1=p

Suppose the function ZðqÞ satisfies the relation

rZðe�2p
ffiffiffiffiffi
r=s

p
Þ ¼ Zðe�2p=

ffiffiffi
rs

p
Þ: ð2:1Þ

By differentiating (2.1) with respect to r and simplifying, we find that

ffiffiffiffi
rs

p

p
¼ e�2p=

ffiffiffi
rs

p Z0ðe�2p=
ffiffiffi
rs

p
Þ

Zðe�2p=
ffiffiffi
rs

p
Þ
þ re�2p

ffiffiffiffiffi
r=s

p Z0ðe�2p
ffiffiffiffiffi
r=s

p
Þ

Zðe�2p
ffiffiffiffiffi
r=s

p
Þ
; ð2:2Þ

where

Z0ðqÞ ¼ dZðqÞ
dq

:

Next, set

MNðqÞ ¼
ZðqÞ

ZðqNÞ: ð2:3Þ

By differentiating (2.3) with respect to q; we find that

M 0
NðqÞ

MNðqÞ
¼ Z0ðqÞ

ZðqÞ � NqN�1 Z0ðqNÞ
ZðqNÞ ;

which implies that

q
M 0

NðqÞ
MNðqÞ

¼ q
Z0ðqÞ
ZðqÞ � NqN Z0ðqNÞ

ZðqNÞ : ð2:4Þ

Substituting q ¼ e�2p=
ffiffiffiffi
Ns

p
into (2.4) and using (2.1), we find that

e�2p=
ffiffiffiffi
Ns

p
M 0

Nðe�2p=
ffiffiffiffi
Ns

p
Þ

N
¼ e�2p=

ffiffiffiffi
Ns

p Z0ðe�2p=
ffiffiffiffi
Ns

p
Þ

Zðe�2p=
ffiffiffiffi
Ns

p
Þ
� Ne�2p

ffiffiffiffiffiffi
N=s

p Z0ðe�2p
ffiffiffiffiffiffi
N=s

p
Þ

Zðe�2p
ffiffiffiffiffiffi
N=s

p
Þ
: ð2:5Þ
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Solving (2.5) and (2.2) with r ¼ N; we conclude that

ffiffiffiffiffiffi
Ns

p

p
¼ 2Ne�2p

ffiffiffiffiffiffi
N=s

p Z0ðe�2p
ffiffiffiffiffiffi
N=s

p
Þ

Zðe�2p
ffiffiffiffiffiffi
N=s

p
Þ
þ e�2p=

ffiffiffiffi
Ns

p
M 0

Nðe�2p=
ffiffiffiffi
Ns

p
Þ

N
: ð2:6Þ

At this stage, we suppose that there exist functions XðqÞ and UðqÞ such that

ZðqÞ ¼
XN
k¼0

AkX kðqÞ; AkAQ ð2:7Þ

and

q
dX ðqÞ

dq
¼ UðqÞXðqÞZðqÞ: ð2:8Þ

Relations (2.3) and (2.7) also imply that MN may be expressed as a function of two
variables, namely,

MN ¼ MNðXðqÞ;XðqNÞÞ: ð2:9Þ

We may also assume that XðqÞ and XðqNÞ satisfy a polynomial relation and hence,
using (2.8), (2.1) and (2.7), we deduce that

e�2p=
ffiffiffiffi
Ns

p
M 0

Nðe�2p=
ffiffiffiffi
Ns

p
Þ

N

¼ 1

N
q

dXðqÞ
dq

dMNðXðqÞ;XðqNÞÞ
dX ðqÞ

����
q¼e�2p=

ffiffiffiffi
Ns

p

¼ 1

N
Uðe�2p=

ffiffiffiffi
Ns

p
ÞXðe�2p=

ffiffiffiffi
Ns

p
ÞZðe�2p=

ffiffiffiffi
Ns

p
ÞdMNðX ðqÞ;XðqNÞÞ

dXðqÞ

����
q¼e�2p=

ffiffiffiffi
Ns

p

¼ Uðe�2p=
ffiffiffiffi
Ns

p
ÞXðe�2p=

ffiffiffiffi
Ns

p
ÞZðe�2p

ffiffiffiffiffiffi
N=s

p
ÞdMNðX ðqÞ;X ðqNÞÞ

dXðqÞ

����
q¼e�2p=

ffiffiffiffi
Ns

p

¼ Uðe�2p=
ffiffiffiffi
Ns

p
ÞXðe�2p=

ffiffiffiffi
Ns

p
ÞdMNðXðqÞ;XðqNÞÞ

dXðqÞ

����
q¼e�2p=

ffiffiffiffi
Ns

p

	
XN
k¼0

AkX kðe�2p
ffiffiffiffiffiffi
N=s

p
Þ: ð2:10Þ

This simplifies the second term on the right-hand side of (2.6). Next, by (2.7) and
(2.8), we find that

qZ0ðqÞ ¼
XN
k¼0

kAkX k�1ðqÞqX 0ðqÞ

¼
XN
k¼0

kAkX k�1ðqÞUðqÞX ðqÞZðqÞ:
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Hence,

q
Z0ðqÞ
ZðqÞ ¼ UðqÞ

XN
k¼0

kAkX kðqÞ: ð2:11Þ

Substituting q ¼ e�2p
ffiffiffiffiffiffi
N=s

p
into (2.11) and combining with (2.10) and (2.6), we deduce

the following result:

Theorem 2.1. Suppose ZðqÞ satisfies (2.1) and let MNðqÞ; XðqÞ; Ak and UðqÞ be

defined as in (2.3), (2.7) and (2.8). Thenffiffiffiffiffi
s

N

r
1

2p
¼
XN
k¼0

ðbNk þ aNÞAkX k
N ; ð2:12Þ

where

aN ¼ Uðe�2p=
ffiffiffiffi
Ns

p
Þ X ðe�2p=

ffiffiffiffi
Ns

p
Þ

2N

dMN

dX ðqÞðX ðqÞ;XðqNÞÞ
��
q¼e�2p=

ffiffiffiffi
Ns

p ;

bN ¼ Uðe�2p
ffiffiffiffiffiffi
N=s

p
Þ;

and

XN ¼ X ðe�2p
ffiffiffiffiffiffi
N=s

p
Þ:

We end this section by listing s; x; Z; U and Ak which correspond to
Ramanujan’s series for 1=p: In Table 1, x is given by the relation

X ¼ 4xð1 � xÞ;

f ð�qÞ ¼
YN
k¼1

ð1 � q kÞ;

and

jðqÞ ¼ 1728
Q3

q f 24ð�qÞ;

where

Q :¼ 1 þ 240
XN
k¼1

k3q k

1 � q k
:

In the next section, we will illustrate how we derive the fourth class of series without
using Clausen’s identity. We will then give a new proof of (1.1).

ARTICLE IN PRESS
H.H. Chan et al. / Advances in Mathematics 186 (2004) 396–410400



3. Ramanujan’s series for 1=p associated with the Jacobian theta functions

Let ZðqÞ ¼ j4ðqÞ where

jðqÞ ¼
XN

k¼�N

q k2
:

Note that ZðqÞ satisfies the transformation formula [1, p. 43, Entry 27(i)]

NZðe�p
ffiffiffi
N

p
Þ ¼ Zðe�p=

ffiffiffi
N

p
Þ; ð3:1Þ

and hence, s ¼ 4:
It is known that if3

x ¼ xðqÞ ¼ 16q
c4ðq2Þ
j4ðqÞ ; ð3:2Þ

with

cðqÞ ¼
XN
k¼0

q kðkþ1Þ=2;

then z ¼ zðqÞ ¼ j2ðqÞ and x satisfy the differential equation [15, p. 54, (3.83)]

xð1 � xÞ d2z

dx2
þ ð1 � 2xÞ dz

dx
� z

4
¼ 0: ð3:3Þ

Substituting z ¼
ffiffiffiffi
Z

p
and X ¼ 4xð1 � xÞ into (3.3), we deduce that4

W3
X ðZÞ ¼ X WX þ 1

2

� �3

ðZÞ; ð3:4Þ
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Table 1

s x Z U Ak

1
1

2
1 �

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
1 � 1728

jðqÞ

s ! ffiffiffiffi
Q

p
1 � 2x 1

2

� �
k

1
6

� �
k

5
6

� �
k

ðk!Þ3

2 1 þ 1

64q

f ð�qÞ
f ð�q2Þ

� �24
 !�1

f 8ð�qÞ
f 4ð�q2Þ

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
1 þ 64q

f ð�q2Þ
f ð�qÞ

� �24
s

1 � 2x 1
2

� �
k

1
4

� �
k

3
4

� �
k

ðk!Þ3

3 1 þ 1

27q

f ð�qÞ
f ð�q3Þ

� �12
 !�1 P

N

m;n¼�N
qm2þmnþn2

� �2 1 � 2x 1
2

� �
k

1
3

� �
k

2
3

� �
k

ðk!Þ3

4 1 þ 1

16q

f ð�qÞ
f ð�q4Þ

� �8
 !�1 P

N

m;n¼�N
qm2þn2

� �2 1 � 2x 1
2

� �3

k

ðk!Þ3

3 Our x given here is equal to the x given in the Table 1.
4 The calculations are tedious but straightforward.
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where the operator

WX ¼ X
d

dX
:

If

Z ¼
XN
k¼0

AkX k;

then (3.4) yields a recurrence relation satisfied by Ak and we deduce immediately that

Ak ¼
1
2

� �3

k

ðk!Þ3
:

In other words, we find that

Z ¼ 3F2
1

2
;
1

2
;
1

2
; 1; 1;X

� �
: ð3:5Þ

It is also known that [1, p. 120, Entry 9(i)]

q
dX

dq
¼ ZX ð1 � 2xÞ; ð3:6Þ

which means that

UðqÞ ¼ 1 � 2xðqÞ:

By (3.6), we find that if Y ¼ XðqNÞ and y ¼ xðqNÞ; then

dX

dY
¼ 1

N
MN

X

Y

1 � 2x

1 � 2y
: ð3:7Þ

Squaring (3.7), we deduce that

M2
N ¼ N2 Y 2ð1 � YÞ

X 2ð1 � XÞ
dX

dY

� �2

: ð3:8Þ

From the above relation, dMN
dX

can be computed explicitly once we compute the

modular relation satisfied by X and Y :
We now give an explicit series for 1=p: First, from (3.1) and [1, p. 43, Entry 27(ii)],

we find that

aj4ðe�aÞ ¼ bj4ðe�bÞ;

and

16ae�ac4ðe�2aÞ ¼ bj4ð�e�bÞ;
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if ab ¼ p2: By (3.2) and the above relations,

xðe�p=
ffiffiffi
N

p
Þ ¼ j4ð�e�p

ffiffiffi
N

p
Þ

j4ðe�p
ffiffiffi
N

p
Þ
: ð3:9Þ

Using the famous Jacobi identity [1, p. 40, Entry 25(vii)],

j4ðqÞ � j4ð�qÞ ¼ 16qc4ðq2Þ;

we conclude that

xðe�p=
ffiffiffi
N

p
Þ ¼ 1 � xðe�p

ffiffiffi
N

p
Þ: ð3:10Þ

Now, let N ¼ 3; then from Ramanujan’s modular equation [1, p. 230, Entry 5(ii)]

ðxðqÞxðq3ÞÞ1=4 þ ðð1 � xðqÞÞð1 � xðq3ÞÞÞ1=4 ¼ 1;

and (3.10), we find that

Xðe�p=
ffiffi
3

p
Þ ¼ 1

4
: ð3:11Þ

Solving (3.11) for x; we deduce that

xðe�p
ffiffi
3

p
Þ ¼ 1

2
�

ffiffiffi
3

p

4
: ð3:12Þ

Next, one can show that X ¼ XðqÞ and Y ¼ X ðq3Þ satisfy the relation5

� 4096XY þ 4608X 2Y þ 4608XY 2 � 900X 3Y þ 28422X 2Y 2

� 900XY 3 þ 4608X 3Y 2 þ 4608X 2Y 3 � 4096X 3Y 3 þ X 4 þ Y 4 ¼ 0:

Differentiating the above relation with respect to Y and substituting the result into
(3.8), we obtain an expression of M3 in terms of X and Y : Differentiating the
resulting relation with respect to X and using (3.11) and (3.12), we conclude that

a3 ¼
ffiffiffi
3

p

12
and b3 ¼

ffiffiffi
3

p

2
:

This gives Ramanujan’s series (1.1).
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4. A new class of series for 1=p

From the last section, we find that in order to derive a new class of series different
from that of Ramanujan, one needs to seek new pair of functions X and Z: In this
section, we will construct a new class of series for 1=p and derive (1.3). Series similar
to (1.3) where all the coefficients in the sum are rational are very rare. It turns out
that Ramanujan nearly exhausted all these series in [12]. The Chudnovskys6 and the
Borweins7 constructed several such series for 1=p associated with the first and second
type of series in Table 1, respectively. Recently, Chan et al. added a total of six such
series [8] associated essentially to the third type of series in Table 1.

Let

Z ¼ ð f ð�qÞf ð�q3ÞÞ4

ð f ð�q2Þf ð�q6ÞÞ2

and

X ¼ q
f ð�q2Þf ð�q6Þ
f ð�qÞf ð�q3Þ

� �6

:

From our discussion in Section 3, we need to determine UðqÞ and Ak: It follows from
[4, Theorem 10.6]

q
dX

dq
¼ ZX

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
ð4X þ 1Þð16X þ 1Þ

p
ð4:1Þ

that

UðqÞ ¼
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
ð4X þ 1Þð16X þ 1Þ

p
: ð4:2Þ

To determine Ak; we need to establish the differential equation satisfied by
Z and X :

Let

1

t
¼ 1 þ 1

27q

f 12ð�qÞ
f 12ð�q3Þ: ð4:3Þ

The differential equation satisfied by

u ¼ 4tð1 � tÞ and f ¼
XN

m;n¼�N

q m2þmnþn2

 !2

ARTICLE IN PRESS

6 The Chudnovskys’ series (1.2) yields the fastest convergent series for 1=p which involves only rational

coefficients.
7 See [5, p. 145] for the two series missed by Ramanujan.
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is

W3
u f ¼ u Wu þ

1

2

� �
Wu þ

1

3

� �
Wu þ

2

3

� �
ð f Þ: ð4:4Þ

The proof of (4.4) is similar to that of (3.4) but instead of using (3.3), we use the
differential equation [7, p. 200]

tð1 � tÞd
2z

dt2
þ ð1 � 2tÞdz

dt
� 2

9
z ¼ 0;

where z2 ¼ f : Incidently (4.4) is the differential equation needed to determine Ak in
the third type of series in Table 1. Our method of deriving a differential equation
satisfied by Z and X is to first establish the identities

f ¼ Zð1 þ 16X Þ ð4:5Þ

and

u ¼ 108X

ð1 þ 16X Þ3
: ð4:6Þ

Using (4.5) and (4.6), we conclude that

Wuf ¼ ð1 þ 16XÞ2WX Z þ 16Xð1 þ 16XÞZ
1 � 32X

; ð4:7Þ

W2
uf ¼ 1 þ 16X

ð1 � 32X Þ3
fð1 � 768X 2 � 8192X 3ÞW2

X Z

þ ð80X þ 256X 2 � 16384X 3ÞWX Z þ ð16X þ 512X 2 � 8192X 3ÞZg ð4:8Þ

and

W3
u f ¼ 1 þ 16X

ð1 � 32XÞ5

	 fð1 � 16X � 1280X 2 þ 4096X 3 þ 524288X 4 þ 4194304X 5ÞW3
X Z

þ ð192X � 1536X 2 � 147456X 3 � 393216X 4 þ 12582912X 5ÞW2
X Z

þ ð96X þ 8448X 2 � 12288X 3 � 1179648X 4 þ 12582912X 5ÞWX Z

þ ð16X þ 2560X 2 þ 24576X 3 � 524288X 4 þ 4194304X 5ÞZg: ð4:9Þ

ARTICLE IN PRESS
H.H. Chan et al. / Advances in Mathematics 186 (2004) 396–410 405



Substituting (4.7)–(4.9) into (4.4) and simplifying, we immediately obtain the
differential equation

ð1 þ 20X þ 64X 2ÞW3
X Z þ ð192X 2 þ 30XÞW2

X Z

þ ð192X 2 þ 18XÞWX Z þ ð64X 2 þ 4XÞZ ¼ 0; ð4:10Þ

where WX ¼ X d
dX
: For an alternative proof of (4.10), see [16].

It remains to establish (4.5) and (4.6). From definition (4.3), we find that

1

u
¼ 2 þ 1

27
P6 þ 27

P6
;

where

P ¼ q�1=6 f 2ð�qÞ
f 2ð�q3Þ:

Identity (4.6) then follows immediately from [4, Lemma 10.3, (10.4)]

P3 þ 27

P3

� �2

¼ ð1 þ 16X Þ3

X
:

To prove (4.5), recall from [7, p. 200] that

q
du

dq
¼ fu

ffiffiffiffiffiffiffiffiffiffiffi
1 � u

p
: ð4:11Þ

This is the analogue of (3.6). From (4.6), we find that

du

dX
¼ 108

1 � 32X

ð1 þ 16X Þ4
: ð4:12Þ

Combining (4.12), (4.11), (4.6) and (4.1), we conclude that

f ¼ Zð1 þ 16X Þ;

which is (4.5).
Now, from (4.10), we conclude that if

Z ¼
XN
k¼0

AkX k;

then Ak satisfies the difference equation

k3Ak þ 2ð2k � 1Þð5k2 � 5k þ 2ÞAk�1 þ 64ðk � 1Þ3
Ak�2 ¼ 0: ð4:13Þ
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A check with Sloane’s Online sequences [14] shows that

Ak ¼ ð�1Þk
Xk

j¼0

k

j

� �2 2ðk � jÞ
k � j

� �
2j

j

� �
: ð4:14Þ

This sequence appears to be first discovered by Domb [9]. The fact that this sequence
satisfies the recurrence (4.13) can be verified using the method of creative telescoping
implemented in D. Zeilberger’s MAPLE programme EKHAD [11, Chapter 7]. More
precisely, Zeilberger’s programme produces the function

Rðk; jÞ ¼ � ð12k3 þ 62k2 þ 104k þ 56 � 26k2j � 89kj � 74j

þ 18kj2 þ 30j2 � 4j3Þj3 4ðk þ 1Þ2ð2k � 2j þ 1Þ
ðk þ 1 � jÞ3ðk þ 2 � jÞ3

;

which satisfies the relation

ðk þ 2Þ3
f ðk þ 2; jÞ þ 2ð2ðk þ 2Þ � 1Þð5ðk þ 2Þ2 � 5ðk þ 2Þ þ 2Þf ðk þ 1; jÞ

þ 64ðk þ 1Þ3
f ðk; jÞ ¼ Rðk; j þ 1Þf ðk; j þ 1Þ � Rðk; jÞf ðk; jÞ; ð4:15Þ

where

f ðk; jÞ ¼ ð�1Þk k

j

� �2 2ðk � jÞ
k � j

� �
2j

j

� �
:

Summing (4.15) for j from 0 to k þ 2 completes the proof that Ak satisfies (4.13).
We now turn to the proof of (1.3). First, we let Z ¼ Zð�qÞ: Then from the

transformation formulas [1, Entry 27(iii), (iv)]

e�a=12
ffiffiffi
a4

p
f ð�e�2aÞ ¼ e�b=12

ffiffiffi
b4

p
f ð�e�2bÞ ð4:16Þ

and

e�a=24
ffiffiffi
a4

p
f ðe�aÞ ¼ e�b=24

ffiffiffi
b4

p
f ðe�bÞ; ð4:17Þ

where ab ¼ p2; we deduce that

Zðe�p=
ffiffiffiffiffi
3N

p
Þ ¼ NZðe�p

ffiffiffiffiffiffiffi
N=3

p
Þ: ð4:18Þ

This shows that s ¼ 12: We may now apply Theorem 2.1 with the functions Z and
X ¼ �Xð�qÞ: Note that

Z ¼
XN
k¼0

Akð�XÞk;
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and hence our corresponding

Ak ¼ ð�1Þk
Ak ¼

Xk

j¼0

k

j

� �2 2ðk � jÞ
k � j

� �
2j

j

� �
:

From (4.2), we have

UðqÞ ¼
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
ð1 � 4XÞð1 � 16XÞ

p
:

In addition, if

MN ¼ ZðqÞ
ZðqNÞ;

then the analogue of (3.8) is

M2
N ¼ N2 Y

2

X2

ð1 � 4YÞð1 � 16YÞ
ð1 � 4XÞð1 � 16XÞ

dX

dY

� �2

; ð4:19Þ

where Y ¼ Xð�qNÞ:
Now let N ¼ 5: We have8

FðX;YÞ ¼X6 þ Y6 þ 30XY2 þ 30X2Y� 285XY3 � 285X3Yþ 970X4Y

þ 970XY4 � 990XY5 � 990X5Y� 930X2Y3 � 930X3Y2 � 25665X2Y4

� 25665X4Y2 þ 62080X2Y5 þ 62080X5Y2 þ 92860X3Y3 � 59520X3Y4

� 59520X4Y3 � 1167360X3Y5 � 1167360X5Y3 þ 7864320X4Y5

þ 7864320X5Y4 � 16777216X5Y5 � XY

þ 815X2Y2 þ 3338240X4Y4 ¼ 0: ð4:20Þ

When q ¼ e�p=
ffiffiffiffi
15

p
; then from (4.16) and (4.17), we find that

Xðe�p=
ffiffiffiffi
15

p
Þ ¼ Xðe�p

ffiffiffiffiffiffi
5=3

p
Þ ¼ Yðe�p=

ffiffiffiffi
15

p
Þ:

This shows that Xðe�p=
ffiffiffiffi
15

p
Þ is a root of the polynomial FðT ;TÞ where F is given by

(4.20). This polynomial factors as

�T2ðT � 1Þð64T � 1Þð64T2 � 11T þ 1Þð64T2 þ 1Þð1 þ 8TÞ2;
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and a quick check shows that

Xðe�p=
ffiffiffiffi
15

p
Þ ¼ 1

64
: ð4:21Þ

Next, from (4.20), we can compute dX
dY

and substitute the result into (4.19).

Differentiating the result with respect to X and using (4.21) and (4.18), we
conclude that

dMN

dX

����
q¼e�p=

ffiffiffi
15

p ¼ �128: ð4:22Þ

With these values, we conclude that

an ¼ 3

8
ffiffiffi
5

p and bn ¼ 3
ffiffiffi
5

p

8
:

Substituting these values into Theorem 2.1 yields (1.3).
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