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Dedicated to Michael Hirschhorn on the occasion of his sixtieth birthday.

The Ramanujan—Mordell Theorem for sums of an even number of squares
is extended to other quadratic forms. A number of explicit examples is
given. As an application, the value of the convolution sum

Z o (m)o (n —23m)
1=m<n/23

is determined, where o (m) denotes the sum of the divisors of m.

1. Introduction

Throughout this work let 7 be a complex number with positive imaginary part, and
let ¢ = ¢*™7. Dedekind’s eta-function is defined by

() n@ =q"* ] -q).
j=1

Let

> > m2+n? T}(2‘L’)12
z=2(1) = Z Z q and A:A(‘L’):Z—ﬁ.

m=—00 n=—00
The following result was stated by S. Ramanujan [1916; 2000, p. 159, eq. (14)]
and first proved by L. Mordell in [1917].

Theorem 1.1 (Ramanujan—Mordell). Suppose k is a positive integer. Then

Zksz(T)+Zk Cj’kAj,
I<j<(k-1)/4
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where c; . are constants that depend on j and k, and Fy () is an Eisenstein series
given by:

0 (— 1)]+1 2j—1

Fl(f)—1+4z qJ =1+4 Z PRI

and fork > 1,
4k (— 1)]( o0 ~2k—1qj
F = d
HO =1 Ty Zl T—(—nFvg
4(_1)k o0 (2 ')2k j (_1)k+j(2 - 1)2k 2j—1
Fuyr(t)y=1+ ( / 26] — ]2._1 c] )
Eoy 1+q% 1 —q*

Here By and Ej are the Bernoulli numbers and Euler numbers, respectively, de-
fined by

o o

Z % K and sechx = Z ﬂxk.

k=0 k=0

For the values k = 1, 2, 3 and 4, the condition 1 < j < (k — 1)/4 is empty, and
therefore Theorem 1.1 gives a representation of z, z2, z°> and z* solely in terms
of an Eisenstein series. These are the familiar Lambert series for sums of 2, 4, 6
and 8 squares, originally due to C. G. J. Jacobi [1969]. The result for k = 5 was
known in part to G. Eisenstein (without proof) [1988, p. 501], and stated in full by
J. Liouville (without proof) in [1866]. The result for k = 6 was known in part to
Liouville (without proof) in [1860; 1864]. The results for 1 <k <9 were proved by
J. W. L. Glaisher in a series of papers culminating in [1907]. The general statement
of Theorem 1.1 is due to Ramanujan (without proof) [2000, Egs. (145)—(147)], and
the first proof is due to Mordell in [1917]. Other proofs of Theorem 1.1 have been
given by R. A. Rankin in [1977, pp. 241-244] and S. Cooper in [2001].

The goal of this work is to prove the analogue of the Ramanujan—Mordell The-
orem for which the quadratic form m? + n? in the definition of z is replaced with
m?+mn+n?, m>+mn+2n%, m*>+mn+3n2, m*+mn+6n%, or 2m*>+mn +3n>.
Before stating the result we make some definitions. For k > 1, define the normalized
Eisenstein series by

— J
) Ex(t) =1 —B—%Z

2k1
1_
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where By denotes the Bernoulli numbers. Let p be an odd prime. The generalized
Bernoulli numbers By, are defined by

b L j > xk
@ 2 (5) e = gy
_ P
el —1 TP P k!
where <F> is the Legendre symbol. Let k be a positive integer which satisfies
-1
k= pT (mod 2).

The generalized Eisenstein series E,?(r; xp) and EZ°(t; x,) are defined by

Ep(T; xp) =6k1 — ‘ (—)q’, and
Bi.p j=11_qp] =1 \P
2k ()
E;i’°(r;xp)=1—B— (—)1 =
k,p j=1 P —q

where 8, ,, is the Kronecker delta function, defined by

5 — 1 if m =n,
0 if m#n.

If p is a prime of the form p =3 (mod 4), let
) Fi(; p) = E7°(T; Xp),
and for k > 1, let

_ Ex(0) 4+ (=p) Ex(pr)

5 F(t; = ;
&) 2% (75 p) T+ (= p)F
(6) Far1(t: p) = ESR 1 (T: xp) + (=) ES 1 (T3 xp)-
For p =3,7, 11 or 23, let
o o0 ) )

(7) Zp= Zp(f) — Z Z qm +mn+(p+1)n~/4
and

n(T)n(pr)\24/(p+b
®) A=A, = (0 .

Zp
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Furthermore, let

o0

(,¢]
9) Thy = 2p3(1) = Z Z g’

m=—0o0 n=—00
and

n(t)n(237)

(10) A/23 = A/23(r) =
223

The analogue of the Ramanujan—Mordell Theorem, and the main result of this
work, is:

Theorem 1.2. Suppose p = 3, 7, 11 or 23 and let k be a positive integer. Let
Fi(t; p), zp and A, be defined by (4)—(8). Then

2y =F(t: p)+ 2 Cpi AL
1<j<(p+Dk/24

where ¢ i, j are numerical constants that depend only on p, k and j.
A similar result holds for 7, and Ny, defined by (9) and (10), namely

1k . / k /g
st = F(r:23)+ 2 Y aj Ay
l<j<k

where ayj are numerical constants that depend only on k and j.

A proof of Theorem 1.2 will be given in Section 2. In the remainder of this section
we describe some special cases of Theorem 1.2.

Example 1. For k=1 and p =3, 7 or 11, Theorem 1.2 gives

oo oo oo

m>+mn-+n? — 6 (i) qj :
i i qm2+mn+2n2 =1 +2§: (i) qj
7)1—q)’

m=—00 n=—00 j=1

e.¢] o

Z Z qrn2+mn+3n2 =142 i

m=—00 n=—0Q j=1
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These are equivalent to instances of a general theorem of Dirichlet; see [Landau
1958, Theorem 204]. When k = 1 and p = 23, Theorem 1.2 gives

s ad 2 2 > J qj - j i
Z Z qm +mn+6n =1+%Z<Z> - j+‘3_‘q1_[(1—q1)(1—q231),

m=—0o0 n=—0o0 j: q

Z Z q2m2+mn+3n2 — 1+ % Z (23> j q 1_[(1 — f)(l 23j)’

m=—0o0o n=—00

and these were proved by F. van der Blij in [1952]. They may be rearranged to
give

o0 o9} ) 5 i i 2 '
6 2 .
Z Z qm mnt6n” 4 o Z Z qm+mn+n 3—{—22(23> l—q’

m=—00 n=—00 m=—00 n=—00
o] 00 00 0o
2 2 2 2 . .
Z Z qm +mn+6n . Z Z q2m +mn+3n =2q l—l(l_qj)(l_qZSJ)
m=—00 n=—00 m=—00 n=—00 j=1

The first of these is equivalent to another instance of Dirichlet’s theorem [Landau
1958, Theorem 204], and the second formula was noted by J.-P. Serre in [1977,
p. 242].

Example 2. For the case p = 3, results for 1 < k < 4 were given (without proof)
by Ramanujan [Andrews and Berndt 2005, pp. 402—403], and results for 3 <k <6
were given by H. Petersson in [1982, p. 90]. For 2 < k < 6, these results are:

o0 o0 2 s 2 o0 jqj 00 qu.
m-+mn-+n _ S
(Z Y g >_1+1zzl_qj 36 e

m=—00 n=—00 j=1 j=1
[es) o0 3 . 2 J
? i\ Jj%a j%q
> X ) —imoy (1) ey
<m——oon——oo j=1 3 l_q] J 1+q]+q /
o0 o0 4 o0 .3 ] o0 3 3]'
2+mn+n2 _ J 4 J 4
(_Z _Z q" ) =1424) 02160
m=— = j=1 j=1
o0 o) 5 o0 . 4 o0 4
m?+mn-+n? J J 4 J 4
=143 = +27
(X X o) z<3) z
= = Jj=1 j=1
00 00 6 00 00
2 2 0
(X 3 ammr) e o ey
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Results for p = 3, 1 < k < 20, were given by G. Lomadze in [1989a; 1989b].
Lomadze’s expansions for 6 < j < 20 are different from ours. For example, Lo-
madze’s formula for k = 6 has

5 g(z

Ox} — 9nx? + n2> q"
x12+x1y1+y12+x§+xzyz+y§=n

in place of
o
g [T —g)H°a—¢*)",
and Lomadze’s formulas become more complicated as k increases.

Example 3. For p =7, the cases k =2 and 3 of Theorem 1.2 give

ad > 2 2\? d jq’ = jq”
i (55 ) reas 2 3
j=1

Mm=—00 n=—00 —q’ j=1 1—61 ’

> i 2 2 3
(12) < Z Z qm +mn+2n )
M=—00 n=—00

1_Zi AN ANPR o iUt el i Ak et 0
8 7)1—qi " 3 1—q"

The identity (11) was given by Ramanujan; see [Andrews and Berndt 2005,
p. 405, Entry 18.2.15]. See [Chan and Ong 1999; Cooper and Toh 2008; Liu
2003] and [Williams 2006] for other proofs.

The identity (12) is a consequence of the formulas for £5°(q; x7) and Eg (q; x7)
in [Chan and Cooper 2008]. In [Chan et al. 2008], it was shown that

qﬁ(l_qj)3(1_q7j)3 Z Z( (H-zf)) m2mn+2n®
j=1

m=—0o0 n=—0o0

Another result for z% can be obtained by combining two of Ramanujan’s results,
[Andrews and Berndt 2005, p. 404, Entry 18.2.14] and [Berndt 1991, p. 467, Entry
5 @]:
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00 oo 3
(13) ( Z Z qm2+mn+2n2)

m=—00 n=—00

(1—g’) ) sy (1—¢7)7
13¢q 1—¢g N1 =gy +49 _—
II(I M H( =g+ "H(l—q!)

Other proofs of (13) have been given by H. H. Chan and Y. L. Ong in [1999,
Lemma 2.2] and Z.-G. Liu in [2003].

The remainder of this paper is organized as follows. We shall give a proof
of Theorem 1.2 in Section 2. The proof depends on three transformation formulas
(Lemmas 2.1-2.3) for I'g(p), as well as a result that says certain bounded functions
must be constant (Lemma 2.4). A proof of the identity (13) using the same tech-
nique is also given. Some applications to convolution sums are given in Section 3.

2. Proofs
Let

F:{(?Z):a,b,c,del, ad—bc:l},

Fo(p):{<? fl) ca,bye,deZ, ad—be=1, c=0 (mod p)}.

For p =3, 7, 11 or 23, define

(14) np(0) = (@) (pr)* Y.
The proof of Theorem 1.2 hinges on the following four lemmas.

Lemma 2.1. Let p=3,7, 11 or 23 and let (* Z) € To(p). Then, for n,(t) defined
by (14), we have

at +b d\*e+h
7717( ) = (—) (et +d)*/ P+ Dy (1)

ct +d p
and |
— T
()= ().
p T\/ﬁ p \/ﬁ
Proof. These follow from the transformation formula for the Dedekind eta-function
[Apostol 1990, p. 52, Theorem 3.4]. ]

Lemma 2.2. Let p =3,7, 11 or 23 and let (f Z) € T'o(p). Then, for z,(t) defined

by (7), we have
T+b d
Zp(jr +d> = (;) (ct+d)z,(T)
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and
(5) =i 5)
|l —=)=—itz,(—).
p T\/ﬁ p «/ﬁ
The same transformation formulas hold when 253 is replaced with z)y;.

Proof. The first result follows from [Schoeneberg 1974, p. 217, Theorem 4] by
takingr =1, A = (f(p+]l)/2)’ h =(0,0), k=0 and P, = 1. The corresponding
result for z/; follows by taking A = (‘11 é), with the other parameters being the same
as for the case p = 23.

The second result is a direct consequence of [Schoeneberg 1974, p. 205, (5)]. U

Lemma 2.3. Let p = 3 (mod 4) be prime and let n be a positive integer. Let
(¢ 2) € Lo(p). Then for Fi(t; p) defined by (4)—(6), we have

at +b d\* L
F(Sgip) = (;) (T +d) Fi(x: p)

and

LN ik (L. )
A, 5 p) =it a( ).
Proof. For odd values of k, these follow from [Cooper 2008, Theorem 6.1] or
[Kolberg 1968, (1.8)—(1.12)]. For even values of k with k > 4, these follow from
the well-known transformation formulas for E»;(7), for example, see [Serre 1973,
pp- 83, 92, 95-96]. For k = 2, the results are most easily proved by appealing to
the transformation formulas for the function (%)24 in [Apostol 1990, pp. 8485,
Theorems 4.7 and 4.8], and then applying logarithmic differentiation. ([
Lemma 2.4. Let f(t) be analytic and bounded in the upper half plane Im(t) > 0,
and suppose it satisfies the transformation property

(15) H(EL) = r@ forat (45)ero,

Then f is constant.

Proof. This is Theorem 4.4 in [Apostol 1990, p. 79]. (]
We are now ready to prove Theorem 1.2.

Proof of Theorem 1.2. Let p =3,7, 11 or 23, and let k be a positive integer. Let £

be the smallest integer that satisfies % > k. Consider the functions

Fk(r;p)( 2p(7) )246/(p+1>
(zp()* \n(T)n(pT)

_ _ Zp(T) 24/(p+1D)
Vo =y = (n(f)n(pf))

() = @pi(t) = and
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By Lemmas 2.1-2.3, ¢(7) and 1 (7) satisfy the transformation property (15). Fur-
thermore, ¢ and v are both analytic in the upper half plane 0 < Im(7) < oo, as
n(t) does not vanish in this region. Let us analyze the behavior at T = ico. From
the g-expansions, we find that

(1) = (+0G@) ( L+0@) )Z =¢'+0(@ " ast—ioco.
(1+0(@)*\g+0(q?
Therefore ¢(t) has a pole of order ¢ at ico. Similarly, we find that ¥/ (7) has a
pole of order 1 at ioc. It follows that there exist constants by, .. ., by, such that the
function
¢
(16) M) =g(t) =Y b (Y (1)

j=1
has no pole at ioco. That is to say,
AMT)=bg+0(g) ast—>io0

for some constant by. Let us consider the behavior of A(7) at T =0. By the second
result in each of Lemmas 2.1-2.3, we find that

-1 T -1 T
w(r\/ﬁ) - w(ﬁ) and w(rﬁ) - w(ﬁ)
Therefore
M) = A<_—l) —> by as 1v—0.
pT
It follows from the description of the fundamental region for I'g(p) given in [Apos-

tol 1990, p. 76, Theorem 4.2] that A(7) is bounded in the upper half plane. Hence
by Lemma 2.4, A(7) is constant, that is, A(t) = bg. Therefore, from (16) we have

14
o) =) b; (Y (D).

j=0

Using the fact that v/ (t) = 1/A (1), this is equivalent to

¢
Fk(t;p)zzk b AT =K cil,
’ ]X:(; T Zogs<p+1>k/24 '
where ¢; = by_ ;. Letting ¢ = 0 on both sides we deduce that ¢y = 1.
If we replace z23 and A3 by z); and A, respectively, at every step in the proof,
we establish the result for z/; and A/;.
This completes the proof of Theorem 1.2. ]
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Remarks. For p =3, 7, 11 or 23, the genus of the normalizer of I'g(p) in SL,(R)
(denoted by I'g(p)+) is 0. It turns out that for each p, the field of functions invariant
under ['o(p)+ is generated by v, (7), which has a simple pole at T = ioo. Since
¢p.k(t) has a pole of order £ at T = ioo and ¢ x(7) is a function on I'g(p)—+, it
follows that ¢, () is a polynomial in v, (7) with degree exactly £. This explains
the existence of relation (16).

The identity (13) may be proved similarly.
Proof of (13). Let
3 4
= % and G(z) = Z—(T).
n°(0)n>(77) n*(7t)

Lemmas 2.1 and 2.2 imply F(t) satisfies the transformation formula (15). Fur-
thermore, [Apostol 1990, p. 87, Theorem 4.9] implies that G (7) also satisfies the
transformation formula (15). The g-expansions are

F(7)

(17) F(T)=l+0(1) and G(‘L’)=l+0(l) as T — io0.
q q

Hence F(7) and G(7) both have a pole of order 1 at T = ioo.
By the second parts of Lemmas 2.1 and 2.2, and by the transformation formula
for the Dedekind eta-function [Apostol 1990, p. 52, Theorem 3.4], we have

49
G

(18) F(%):F(r) and G(%)

Therefore at the point T = 0, F(7) has a pole of order 1 and G(t) has a zero of
order 1.

Let

H()=F(t)—aG(t) — ——,

(7) (r) —aG(7) GO

where a and b are constants that will be chosen so that H(7) has no pole at O or

ioo. In order for there to be no pole at T = ioo, (17) implies a = 1. In order for

there to be no pole at T =0, (17) and (18) imply b =49. It follows that the function

H () with these values of a and b is bounded in the upper half plane, and Lemma
2.4 implies that it is constant. That is,

5 n@ et
(O’ (77) n*(Tt) nt(7)

for some constant ¢. If we multiply by 13 (7)n?(77) and compare coefficients of g
on both sides, we find that ¢ = 13. This completes the proof of (13). O
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3. Application to convolution sums

Let 0j(n) denote the sum of the j-th powers of the divisors of n, and let o (n) =
o1(n). The convolution sum

Wi(n)=>" o (m)o (n — km)
l<m<n/k
has been evaluated for 1 <k < 14 and k = 16, 18 and 24. See [Alaca et al. 2007]
and [Royer 2007] for references. In this section, we show how Theorem 1.2 leads
to an evaluation of Wy (n) for the cases k = 3, 7, 11 and 23. The case k = 23 is
new. Let

[o,0) . 7
jq’
P(q) = Ex(7) = 1—24§ 1—qj’

3
0(g) = Eq(r) = 1+24OZ L

1—qJ
—
S(q) = P(g) = Z(l el

Theorem 3.1. For p =3,7, 11 and 23 we have

P(@)PG") = — Py = ($(@)+ 287 =576 (A )
p2+1 P prPAEPS

where
u3(A3) =0,

u7(A7) = =5A7,
urt(Arn) = g7 (15A11 — 17A7),
123(A23) = 5a55 (17A23 — 222A3; + 201 A3; — 30A35).
Proof. By Theorem 1.2 with k =2 and 4, we have

P(gP)—P ,
(19) pP@") = Plq@) _ i<1_ cp,jA;,),
p—1 1<j<(p+1)/12
2 P )
20) p Q(q2)+Q(q) =Z2<1_Z dp’in))’
p=+1 1<j<(p+1)/6

for some constants ¢, ; and d,, ;. If we square (19) and subtract the result from
(20), we obtain

PN +0@ _ (PP =P@) _ 4 J
p*+1 (p—D? Peicjzprie 7 ih
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for some constants d/ . This may be rewritten as

(p—1)?

1
P(q)P(g") = ﬁ(pzzﬂ(qf’) + P(q)) - m(zﬁg(q”) +0(q))
+Z;t d,, JAI{V

l=<j=(p+1)/6

for some constants d . Now use the result (see [Chan 2007; Glaisher 1885] or
[Ramanujan 2000, p. 142 Eq. (30)])

P?(q) = Q(q) —2885(q)

to get

144
Q@)+ p*0(@g") — —<S<q> +p*S(g"))

P(q)P(q") = P

4 "
+z d" A
pzlsjs(pﬂ)/ﬁ P

The values of the coefficients d” ; may be determined by expanding in powers of

g and equating coefficients of qJ for 1 < j <(p+1)/6. In this way we obtain
the polynomials u, (A ,) given in the statement of the theorem. This completes the
proof. U

Theorem 3.2. For p =3,7, 11 and 23 we have

Wy = 5 (o + ()
o (- 2h(2) e

Here c,(n) is defined by

Z Cp(n)qn = Z;‘;up(Ap)’

n=1
and u,(Ap) is as in Theorem 3.1.

Proof. Equate coefficients of ¢” on both sides of the identity in Theorem 3.1. [J
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