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Abstract

We develop a theory for Eisenstein series to the septic base, which was started by S. Ramanujan in his
“Lost Notebook.” We show that two types of septic Eisenstein series may be parameterized in terms of the
septic theta function ) oo >%° qm2+m”+2”2 and the eta quotient *(77)/n*(¢). This is accom-
plished by constructing elliptic functions which have the septic Eisenstein series as Taylor coefficients. The
elliptic functions are shown to be solutions of a differential equation, and this leads to a recurrence relation
for the septic Eisenstein series.
© 2007 Elsevier Inc. All rights reserved.
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1. Introduction

Let g = exp(2mit) where Im(7) > 0 and define
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S. Ramanujan [20, pp. 53, 355, 357] stated without proof results which are equivalent to

AW
142 =
" j§<7>1—

()i

and Z.-G. Liu [17, Eq. (1.18)] proved that

— k(49h + 8),

00 . .4
16+Z(§> ]’_ = k5349 + 16)(49h% + 13h +1)*°.
=1

Here ( %) is the Legendre symbol. If we use the result [12, Lemma 2.2]
= k(49h% + 130 + 1),

then (1.3) and (1.4) may be rewritten as

Jjcq’ 3 49h + 8
87 - :
Z( >1—q1 ©49R2 + 130 + 1

el 5 49n+16
16 - .
+Z< )1—q1 © 49N+ 13k +1

Motivated by these examples, we empirically discovered the relation

g4 i j j%q7 _J (1680713 + 2503942 + 7007h + 584)
1—q/ (49h2% +13h 4 1)2

as well as a similar formula for
-8
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The goal of this paper is to show that (1.2) and (1.5)—(1.7) are the first few instances of an
infinite family of results. In order to make a general statement, we require some definitions. The
Bernoulli numbers B, are defined by

X

e"—lz

xn
n!’

WK

B,

n=0

Let p be an odd prime and define the generalized Bernoulli numbers B, j, by [1, p. 59]

x Rk > x"
kx __
] E (;)e = E Bn,p—n!. (1.8)
k=1 n=0
The classical Eisenstein series E»,(g) are defined, for positive integers n, by
an o j2n—1qj

E =—— E —. 1.9
2n(q) in “l‘j_l 1—q (1.9)

o0

Define the septic Eisenstein series ES) |

by [18, Eq. (6)]

(g; x7) and E(Z)n +1(q; X7), for non-negative integers n,

ES. (g x )Z_BZn+l,7+i i j*q’ (1.10)
2n+1\4> X7 dn+2 pit 7 1—6]]7 .
and
S o -2n(j+ 2j _ 3j+ 4j _ 5] _ 6])
0 80 i +q7 —q +q7 — g —q
B, 41(43 1) = =5 +; =7 : (1.11)
where
5 :[1 ifn=0,
.0 0 otherwise
is the Kronecker delta. Let us also define
ES(q; x7) = Ean(q) — 7" E2u(q”). (1.12)
and
ES,(q: x7) = E2n(q) — E2u(q7). (1.13)

Throughout this work, pi (k) will denote a polynomial in % of degree < k.
We will prove the following two theorems:
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Theorem 1.1. Let n be a positive integer, and let k = | (2n + 1)/3]. There exists a polynomial
P2k—1(h) of degree < 2k — 1 such that

2n+1 p2k—1(h)
(49h% + 131 4+ 1)k’

E5 (g x1) =2
When n = 0 we have
Z
E(q; ==
1(q; x7) 2

Theorem 1.2. Let n be a non-negative integer, and let k = |(2n + 1)/3]. There exists a polyno-
mial poy(h) of degree < 2k such that

(49h% + 13h + 1)k’

EY (g x7) =2

Equations (1.5)—(1.7) are the cases n = 1,2 and 3 of Theorem 1.1, respectively. The cases
n =0, 1,2 and 3 of Theorem 1.2 will be given in full at the end of Section 5.

The analogous results for classical Eisenstein series were given by Ramanujan [19, Chap-
ter 17, Entries 13-17] and [21, pp. 140-141]. See [5, pp. 126-139] for a proof of Ramanujan’s
results, and see [14] for a detailed analysis.

The theory for cubic analogues was started by Ramanujan [19, p. 257], and has been devel-
oped further in [6,9,10] and [13].

The quartic and sextic theories were started by Ramanujan. See [6] for an analysis of Ra-
manujan’s results. The quartic theory has been extended in [7].

The quintic theory has been developed recently by H.H. Chan and Z.-G. Liu [11].

Some results on septic theta functions have been given in [12] and [17]. Equation (1.2) has
been proved in [2, pp. 404—405]. Equations (1.3) and (1.4) have been proved in [17]. Equation
(1.7) and Theorems 1.1 and 1.2 are new.

This work is organized as follows. Four elliptic functions are defined in Section 2, and their
periodicity properties and poles are studied. A differential equation relating two of the elliptic
functions is given in Section 3. In Section 4, the results from Sections 2 and 3 are used to prove
Theorem 1.1. The imaginary transformation t — —1/(7t) is analyzed in Section 5, and the
result is used to prove Theorem 1.2. We conclude with some remarks in Section 6.

2. Elliptic functions
Let us define the generating functions L, ¢, M and m by

> -1 (2 2n
L(“)ZL(””):ZEE’,?H(q;m)M

2 ST 2.1)
- (=" Qu)>
£(u) = £(ult) = ;0 EY .\ (q: m)T)!“, 2.2)
S —D*2 2n+1
M) =M@ult) =) E5 (g O A G (2.3)

|
= 2n+1)!
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o (_1)!1(2 )2n+1
m(u) = m(ult) = §E§n+2(q; m)(Zn—;‘l)!. (2.4)

In this section we will show that L and ¢ are elliptic functions of order 6, and calculate their
periods, poles and residues. Although M and m are not elliptic functions, their derivatives are.
We determine the periods and poles.

If we substitute (1.10) into (2.1), we obtain

= Bugig (CD)"Qu* N\ ¢ =Drejw*
L(”)__,;(4n+2> @n)! ZZ( )(l—cm ol

=0 j=1

Now interchange the order of summation and use (1.8) to obtain the Fourier expansion

sinSu +sin3u —sinu o/ j
L(u)= J
() . +Z<7>1

2sin7u

— cos2ju. 2.5)

In the Fourier series, write

2iju 4 g=2iju
2 9

J ©
lq j=Zq/k and cos2ju=
R

and reverse the order of summation. The result is the analytic continuation formula

. 0 qk621u +q2ke4iu _ q3k66iu +q4k68iu _ qSkelOiu _ q6k612iu
W=7 Z 1_q7kel4iu
1 © q e —2iu + q2k€ —4iu __ q3ke—6iu +q4ke—8iu _ qSke—IOiu _ q6k€—12iu ’6
"’52 1 — g7ke—14iu (2:6)

k=1
This implies the periodicity properties
Lu+n)=Lw) and Lu+mnt)=L(u).

Furthermore, it shows that L has simple poles at u = j/7 + wtk, where j and k are integers
and j is not a multiple of 7, and is analytic at all other points in the complex plane. The residue
of L at the point u = jm /7 may be calculated using the Fourier series (2.5), and the residues at
the other poles follow from the periodicity properties. The result is

L _iT _ V(i
Res(L(u),u— 7 +k7tr>_ o8 <7>, 2.7

where j and k are integers and j % 0 (mod 7).
A similar analysis may be performed for the function ¢. The Fourier series is

74 qg% — 3]+ 4j _ 55] _ 56]
_+Zq q q q q

L) = 7

cos2ju;
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the analytic continuation is

ke2iu

1 o q 1 0 k qke—2iu
+§X;< > qke2in +§Z<§>1_qk8—2iu;

and the periodicity properties are

() =

| =

Lw+m)=~Lu) and L(u+Trt)=1~().

The function £ has simple poles at u = wj + mwtk where j and k are integers and k is not a
multiple of 7, and ¢ is analytic for all other values of u. The residues are

Res(0(u);u = jm +knt) = —% (%) (2.8)

Here are the corresponding results for M and m. The function M has simple poles at jr /7 +
kmt,where j and k are integers and j is not a multiple of 7, and no other singularities. It satisfies
the properties

Mu+m)=Mwm) and Mu+7nt)= M)+ 3i.
Thus M is not an elliptic function, but its derivative is. Lastly, the function m has simple poles at
jm + kmt, where j and k are integers and k is not a multiple of 7, and no other singularities. It
satisfies the properties

mu+m)=mwm) and m@u+Trnt)=m(u)—3i,
so m is not an elliptic function, but its derivative is.

The functions M and m are related to the logarithmic derivative of the theta function. The
precise identifications are given in the next section in Lemma 3.4.

3. A differential equation
The main result of this section is the following differential equation involving L and M:
Theorem 3.1.

LW =20L(M" — 48E4(q)) +40L" (M’ + 12Ex(q)) — 1120L" L2

—240L(M’ + 12E2(q))2 +4480L3 (M’ + 12E2(q)) — 12544L°.

Observe that each term L™, 20L(M"" — 48E4(q)), etc., in Theorem 3.1 is an even elliptic
function with periods 7 and 7 t, and (counting according to multiplicity) has 30 poles in a period
parallelogram.

In order to prove Theorem 3.1, we first define the theta function 6y, and establish several
lemmas.
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Definition 3.2. Let
o0
01Ty = —i Y (1)@ ent iz
n=—0oo
and write
0 6 (z|7)
Lzl =
01 01(z]7)

where the prime denotes differentiation with respect to z.

Lemma 3.3. The theta function satisfies the following properties:

01(z +7|t) = —01(z|7T),
01z +mr|r) = —q e 7201 (2]D),
m . .
91(Z|f) — 2q1/8 SinZ 1_[(1 _qne2lz)(1 _qne—2zz)(1 _qn)’
n=1

qn
1—¢g"

6! >
é(zh’) = cotz +4Z

n=1

sin2nz, and

(_ l)n (zz)2n+l

% ey =L 443 Eniate)
6, Z|T _Z 2n+2q 2n+ 1)

n=0

Proof. These are standard results. The first four results can be found in [22, pp. 465, 470, 489].!
The fifth result follows from the fourth by expanding in powers of z and using (1.9). O

Lemma 3.4. The functions M and m satisfy the properties
M( )—1 9{( IT) 79{(7 177)
u = a0 ult a0 ul77) |,
4

1/6] 6
mu) = —<a(u|t) — a(u|7t)>.

Proof. These follow by substituting (1.12) and (1.13) into (2.3) and (2.4), and comparing with
the last result in Lemma 3.3. 0O

1 In [22] the convention ¢ = exp(ix7) is used instead of our ¢ = exp(27it), and so the formulas in [22] have q2 in
place of our gq.
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Lemma 3.5. Let F(z) be any meromorphic function, and define ¢ (z) = l;/((;)). Then

F' =¢F,

F"=(¢'+¢*)F,

=(¢"+3¢'¢ +¢°)F.

FO = (" +4¢9"9 +3(@)> +64'¢* +¢")F,

FO = (W +5¢" ¢+ 10¢"¢' +10¢"¢> + 15(¢')2p + 10¢'¢> + ¢°) F.

F///

Proof. Each identity follows from the preceding one by the product rule for differentiation. O
Before stating the next lemma, we recall that the set of quadratic residues modulo 7 is {1, 2, 4}.

Lemma 3.6. Let

[epi 2.4 01z +u+ 1001z —u + Zr)
67 (z|7) '

f(zult) =

Then f is an elliptic function of z with periods w and mt. Furthermore, f has poles of order 6
at z =mn + nnt for all integers m and n, and no other singularities.

Proof. All of these follow from properties of the function 61 given in Lemma 3.3. O

Lemma 3.7. Let f(z,u|t) be as defined in Lemma 3.6. Let F(z) = z(’f(z, ult) and ¢(z) =
F'(2)/F(z). Then

F(0) #0,

1 6
¢ (2) =6<— — —(Zlf)>
z 6

and

(69 +5¢"¢ + 10¢"¢' + 106" $* + 15(¢")°¢ + 104'¢° + ¢°)|__, =0.

Proof. First,

F(0)

1_[ 91(u+j7n

Jj€{1,2,4}

jm
o — S
‘L')1< u-+ 7

l') #0.

_ 1
©(0](0)°
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Second, the formula for ¢ (z) follows from the definitions of f(z), F (z) and ¢ (z). Third, consider
f(z,u|7) as a function of z. In a fundamental period parallelogram, f has a sixth order pole at
z =0 and no other singularities. Thus the residue of f at this pole is zero, and therefore

5122 526f(z ult) Z=0:O.
Hence
&
pE ——F(2) Z:():O.

Now invoke Lemma 3.5 and use the fact that F(0) # O to complete the proof. 0O
We will require the following sums:

Lemma 3.8. Let p be an odd prime, and define

o = I, ifp=1(mod4),
P—1i, if p=3(mod4).

Let m and n be positive integers, and let u be a complex variable. Then

p—1
262:',/2”71/17 = Cpﬁ(ﬁ); 3.1)
j=0 P
Pl Jt\  2icp p
P 21ku
= t — == 3.2
2(0)e(es )= 5T ) 6
p—1 . . ny o . _
p(%)sin2nu, if p=1 (mod4),
<i> sin2n (u + ﬂ) _vr P . (3.3)
—\p p ﬁ(;)cosZnu, if p=3 (mod 4);
Jj=
m—1 T
Z csc? <u + ]—) =m? csc? mu,; (3.4)
= m
= jm 0 ifn %0 (mod m)
2;)0032”<”+Z> = {mcosZnu, ifn =0 (mod m). (3)
j:

Proof. The first of these is a standard result, for example, see [3, p. 195]. Let us prove (3.2). To
begin with, assume Imu > 0. Using

2621’){
cotx = —1 (1 —+ m),

we have



H.H. Chan, S. Cooper / Journal of Number Theory 128 (2008) 680-699 689
p—1 . i e2iutjm/p)
J _
Z(;) COt(u+—> 2i Z( ) 1 — e2i(u+jn/p)
j=1
p—1 j 00
=D < ) 21k(u+j71/p)
_1 :

00 p—1 , .
Y ZeZiku Z(i)eﬁjkn/p

_ ZICP\/_ 21ku
T @) Z(p>e

The identity in (3.1) has been used to obtain the penultimate step. This proves (3.2) for Imu > 0.
The result holds true for other complex values of u by analytic continuation, as both sides are
meromorphic functions of u. This completes the proof of (3.2).

Let us prove (3.3). Equation (3.1) implies

p—1 , . p—1
Z(i)e%n(u—t-jﬂ/p) — eZinu ZeZijznn/p — €2inucpﬁ<£>.
=1 P j=0 P

Equation (3.3) now follows for real values of u by equating imaginary parts of both sides. The
result holds for complex values of u by analytic continuation. This completes the proof of (3.3).
To prove (3.4), observe that

"i_ll . i Mol iutjm/m) _ p—ilutjm/m)  gimu _ p—imu g
sin{ u — | = = = .
0 m 0 2i 2mi 2m—1

Jj= Jj=

Now take logarithms and differentiate twice with respect to u to obtain (3.4). Finally we
prove (3.5). By geometric series, we have

Z 2in(u+jm/m) _ 0, if n £ 0 (mod m),
me*™if n =0 (mod m).

The result now follows for real values of # by equating real parts, and for complex values of u
by analytic continuation.
This completes the proof of Lemma 3.8. O
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Lemma 3.9. Let ¢ (z) be the function that was defined in Lemma 3.7. Then

$(0) =4vTL(u),
¢'(0) = —4M'(u) — 48 Ex(q),
¢"(0) =4VTL" (w),
¢"(0) = —4M"" (u) — 192E4(q).
¢P(0) =4vV7LD ().

Proof. Since 9{ (z|T)/01(z|7) is an odd function of z with period m we have

6 i 6 i
0= 2 a5

jefl,2,4}

6 . . 00 n .
J JT q . JT
= ‘ <?>{cot<u+7>+43—l T—gn s1n2n(u+7>}.

j=1
Equations (3.2) and (3.3) of Lemma 3.8 with p =7 imply

6 . . 6
J E 27 K\ ik
S (2)eorlur Z) = iy (5 )

j=l k=1

o7 (sin5u + s.in3u —sinu)
sin7u

and

Z(%) sin2n (u + g) = «/7(%) cos2nu.

Therefore

. 5 . 3 o o0 n
#(0) = Zﬁ(sm utsindu - sinu) +4ﬁz<ﬁ> T cos2nu
q

sin 7u
n=1
= 4/TL(u).
In a similar way we find

6 . 0 n 6 .
jm ng jm
¢'(0) = —48E»(q) — E csc? (u + 7) +8 E T E cos2n <u + 7)
n=1

j=1 j=1
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By Egs. (3.4) and (3.5) of Lemma 3.8 with m = 7 we obtain
¢'(0) = —48Ea(q) — 4M' (u).
The results for ¢ (0), ¢"”(0) and ¢ (0) are proved similarly. O

Theorem 3.1 may now be proved by substituting the results of Lemma 3.9 into the last part of
Lemma 3.7.

4. Proof of Theorem 1.1

The goal of this section is to prove Theorem 1.1, which expresses E3 +1(g; x7) as a product
of z2"*1 and a rational function of 4. We shall accomplish this by first proving an analogous

result for E5°(q; x7), and then using the differential equation in Theorem 3.1 to obtain the result
for E5 +1(¢; x7). We will require some preparatory lemmas.

Lemma 4.1. Let z, h, k and E; be defined by (1.1) and (1.9). Then

—(Jj\ 4’
=142 = -, 4.1
=14 ;(7)1_q1 “.1)

o* =4(E2(q) = TE2(q")), “2)
2> = k(491 +13h +1). (4.3)

Proof. Equation (4.1) was stated without proof by Ramanujan [20, pp. 355, 357] and has been
proved by G.E. Andrews and B.C. Berndt [2, p. 404]. It is equivalent to a special case of a result
of Dirichlet; see [16, Theorem 204].

Equation (4.2) was known to Ramanujan [20, pp. 355, 357]. Proofs of (4.2) have been given
by Andrews and Berndt [2, p. 405], S. Cooper and P.C. Toh [15], Liu [17, Eq. (1.17)] and
Williams [23]. The proofs in [15] and [17] use the Lambert series representation for z given
by Eq. (4.1) instead of the double series in Eq. (1.1). H.-H. Chan and Y.L. Ong [12] pointed out
that (4.2) is equivalent to

d
qé =z22x(1—x).

Equation (4.3) was known to Ramanujan. It is a combination of [19, Chapter 21, Entry 5(i)] and
(4.1). For proofs, see Berndt [5, pp. 467-471], Chan and Ong [12, Lemma 2.2] and Liu [17,
Eq. (1.16)]. O

It will be convenient to use Ramanujan’s Eisenstein series Q and R defined by

o n3qn
0(q) =240E4(q) = 1 +24o; e
o n5qn
R(q) = —504E¢(g) =1 — 5042 =g 4.4)

n=1
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Lemma 4.2.

0(q) = k**(1+245h +2401h%) (1 + 13h +494%)'°
0(q7) = k*3(1+5h +h2)(1 + 13h +4912) '

R(g) =k*(1 —490h — 21609h* — 235298h° — 823543h*),
R(q") =k*(1+ 14h + 631> + T0h° — 7h*%).

Proof. These results were given by Ramanujan [20, p. 53]. Proofs have been given by Berndt
et al. [8], Cooper and Toh [15], Liu [17] and S. Raghavan and S.S. Rangachari [18]. O

Lemma 4.3.

_41+245h 4240147

= , 4.5
Q) 1 + 13h + 4912 4-5)
1+5h+h?
7 4
=gt 4.6
0(@) =" 13 a0 (4-6)
¢ | —490h — 21609h% — 2352981% — 823543h*
R(q) =z 73 ) 4.7
(14 13h + 49h2)
1 + 14h + 63h* + 70n> — Th*

R(q7) = 20 4.8
(¢7)=2 (1 + 13 + 49h2)2 (4.8)

Proof. Use (4.3) to eliminate k from the results in Lemma 4.2. O

Lemma 4.4. Let E,(q) be as in (1.9). Then for n > 2 we have

En@= Y cap(Q@)*(R@)",

2a+3B=n
a, >0

where cqy g are positive rational numbers.

Proof. This is a well-known result, for example, see [4, Theorem 1.13 and Ex. 1.11] or [21,
p- 141]. O

Theorem 4.5. Let z, h, and Ezos (g; x7) be as defined in (1.1) and (1.10). Let n > 2 be an integer,
and let k = |2n/3]. Then there exists a polynomial px—1(h) of degree 2k — 1 such that

p2—1(h)
(49h2 + 13h + DK’

ESS(q; x7) = 2"

Furthermore, we have

2+ 13h dz
EX(qxn) =2t 20 432
> @) = g e T



H.H. Chan, S. Cooper / Journal of Number Theory 128 (2008) 680-699

Proof. Let us first prove the result for n > 2. We have

ES2(q; x7) = Ean(q) — 7" E2u(q”)

= > cs((0@)(R@) = 7"(0(a")*(R(4"))")

2a+3B=n
a, 20

B 2 B
= Z Ca,gz4"‘+6ﬁ ff‘2f2 —7 "f3°‘f42ﬂ
5 o+ ’
20t 43p=n (49h> +13h + 1)
a, 20

where

f1=2401h* +245h + 1,

fo = —(823543h* + 235298h3 + 21609h2 + 490h — 1),
fr=h*+5n+1,

fa=—(7h* = 70h* — 63h* — 14k — 1).

693

The highest power of / occurring in f}* leS -7 13 ff is < 2a + 48 — 1, because the coefficient

of the highest possible power h2%+4F is

(2401)* (—823543)F — 721 (=7)P = (=7)P (74 +6F —721) = 0.

Therefore

00 P2a+ap—1(h)
E5(q; x71) = " E Ca,p 3 )
B :3
201 3p=n 49h> + 13h + 1)@

o, 20

o P2wg3)-1(h)
(49h% + 13h + 1)120/3)°

because n/2 < o + 28 < 2n/3. This proves the result for ES°(q; x7) forn > 2.

n

Next, by (1.13) and (4.2), we have

7
E°(q: x7) = Zzz —6E>(q).
By [12, Egs. (2.23) and (2.27)], this becomes

7 22 (1—53x—3x%) 3 dz
EX(q: 2 & N DT
2 @i x1) =72+ T—x 122 +quq

5 (14— 15x + x2) dz
= 43zl —x)—.
Z T x 2D + 3zx( x)dx

4.9)
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Now make the change of variable x = 7h /(1 4 7h) to obtain

2+ 13h dz
EX(qi ) =2—at 20 432 g
> @) =g a1 T

We are now ready to prove Theorem 1.1.

Proof of Theorem 1.1. We use induction on n. The result is known to be true for E fo(q; X7)
and ES°(q; x7) by (1.2) and (1.5). Assume the result is true for E°(q; x7), ES°(q; x7)»

-+» E57 3(q; x7) and consider E5° <(q; x7). If we use the expansions (2.1) and (2.3) in The-

orem 3.1 and compare coefficients of u?" we find that Ezofl 45 (g; x7) is a linear combination
of

ESJES, 1, a+b=n+2, a>2;
Ean By By, atbte=n+l;
E;;ES;E‘Z’?H, a+b+c=n+2,a,b>2;
ES.ES) ESESy ., a+bt+ct+d=n+1,a>2;
Esan B Exci Eqg Exgyr, atbtetdte=n
E4(@)ES, 1:

(E3° +6E2(9)) Ezy 43
(ES°+6Ex(q))ESSES,, 1. a+b=n+1,a2>2
(ESO+6E2(‘1))2E202+1§
(ES°+6E2(q))ESe 1 ESp 1 ESe . a+b+c=n,

where we have written E,SO for E ,i"’ (g; x7), and a, b, ¢, d and e are non-negative integers which

satisfy the given conditions. Let us consider the terms in the first line. By the induction hypothesis
and Theorem 4.5 we have, forb > 1,

P212a/3)—-1(1) « b+ P212b+1)/3]—1(F)
(4912 + 13¢ + 1) 12a/3] (4912 4 131 + 1)L@b+D/3]

00 1700 _ 2a
EyEspy1 =2

_ 2n+s P21 @2n+5)/3]—2(1)
T (4912 13t + DHL@EDAL

because | j/3] + |k/3] < L(j + k)/3] for all non-negative integers j, k. If b =0, then

o oo o4 P2A@n+ay3]-1(0) z
BB = o 3y D@7 * 3

_ 2n+s P21@2n+5)/3]—1(1)
T (492 4 131 4 DLe+3)T
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The other terms may be analyzed similarly. For the term involving E4(g), use (4.5). For the terms
involving E;’O + 6E>(q), use (4.9) to write

7
ES° +6Ex(q) = ;2*.
In summary, all of the terms can be shown to have the form

2n+5 P21 2n+5)/3]—1(f)
(4912 + 131 + 1)L +9)/3]

and therefore E5; 5(g; x7) also has this form. This completes the proof of Theorem 1.1. O
5. The imaginary transformation T — —1/(7t), and proof of Theorem 1.2
Let Im(7) > 0, and recall that Dedekind’s eta-function is defined by
(0.¢]
77(7:) — eITiT/12 l_[(l _ eZm’jr).
j=1
Let

g =expmit) and p=exp(—2mwi/T7).

In this section we will find a relation between Eé’s 1 (g; x7) and Egn 41 (p; x7), and use it to prove
Theorem 2. We begin with some lemmas.

Lemma 5.1.

[i 1
n(r) = —n(——>,
T T

1
h(@h(p) = 75

and

i
z2(q) = (m)z(p)-

Proof. The first result is standard, for example, see [4, p. 48]. For the second result, using (1.1),

we have
n*(77) i N2/t \*n*(~1/77) 1
=388~ () -
n*(7) T i) n*(=1/t)  49(p)

For the third result, first observe that
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. 3
.3 3 (P Y s 1 -1
h(@)k(q) =n"(T)n (71)—(—Tﬁ> n ( )n <7t)

. \3
i
= ——=) h(p)k(p).
(r ﬁ) (p)k(p)
Then by (4.3), we have

1
S = h(q)k(q)(49h(q> 134 —)

h(q)
i 3
=(—) k(p)h 13 + 49h
(rﬁ) (p) (p)<h( )+ + (p)>
. 3
(1) .3
_<r\/7> e

The result now follows by taking cube roots. The branch may be determined by using the fact
that g = p = exp(—27/+/7) when t =i/s/7. O

Lemma 5.2.
2(q) = 2E{°(q; x7) =2EV(q; x7).

Proof. The first result is just (4.1). For the second result, we have

E1 (q: x71) =

NIH

l\)l'—‘

Interchange the order of summation to obtain

1 o qk+q2k_q3k+q4k_q5k_q6k
EX(qix) =5+ o7 =E\(q:ixn). O

k=1

Lemma 5.3.

L(ult) = %ﬁ e(

ul|—1
|7t )’

u

1) both have simple poles at u =
7wj/7+ mwtk, where j and k are integers and j is not a mult1ple of 7, and no other singularities.
The residues of each function coincide, and the functions have the same periods. The difference
is therefore an entire elliptic function, and by Liouville’s theorem must be a constant. The value
of the constant may be found by setting u = 0:
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i —1 . i o
LOJt) = —=| 0| 5= ) =E (g; x1) — —=E{(p; x7)

/7 Tt /7
_z(q) i z(p)
T2 72
=0,

by Lemmas 5.1 and 5.2. This completes the proof. O

Corollary 5.4. Let g = exp(2mit) and p = exp(—2mi/7t). For any non-negative integer n we
have

0o . _ i 0 .
E2n+] (q’ X7) - T2n+1ﬁE2;1+](pv X7)'

Proof. Substitute the series expansions (2.1) and (2.2) into Lemma 5.3, and compare coefficients
ofu. O

Proof of Theorem 1.2. Let us write h = h(q), z = z(q), h1 = h(p) and z1 = z(p). Replace ©
with —1/77 in Corollary 5.4, then apply Theorem 1.1 to get

0 (. iv7 :
Ey (g x7) = WE%;+1(p’ X7)
iNT o P21 2n+1)/3]—1(h1)

T 0P @OR? + 13k, + 1)@ DAL

Now apply Lemma 5.1 to obtain

(=D" 541 P21@2n+1)/3)—1(1/49h)

EY, 1(q:x7) =

n (1/49h2 +13/49h + 1)1(2"+1)/3J
(=D 5 BORDHLCDBL by 1y 31 (1/49h) 5.0
T (49h2 + 131 + 1)L@r+D/3] '

If we observe that (4942)7 ps j—1(1/49h) is a polynomial in & of degree < 2j with no constant
term, we complete the proof of Theorem 1.2. O

Equation (5.1) may be used to obtain values for Egn +1(g; x7) from the corresponding values
for E‘Z’SH (g; x7)- For example, from (1.2), (1.5)—(1.7), we obtain

z
EO N = -
1(‘]’ X7) 2a
8h% +h
49h2 +13h +1°

16h% +h
4912 + 13h + 1’

EY(q:x) =2

Edg; xn =2
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,4088h* + 100143 4 73h% + h
(49h2% +13h 4 1)2

EYg; x7) =z

By (4.3), the result for Eg (g; x7) is equivalent to
ES(q; x7) = k(8h> + h).
This was given by Ramanujan [20, p. 53].
6. Concluding remarks
Remark 6.1.

For n > 1, define
F2’1+1(‘E|X7) - Z Z (] + kt)2"+1 ’

F2n+1(T|X7) - ZZ (J —|—k'L')2n+l )

where the summation is over all integers j and k except (j, k) = (0, 0). Clearly

—1
0
Fypa (;

By the techniques in [13, Section 5] it can be shown that

X7> =—(T0)* T F5e  (Telxn).

2(_1)n(27.[)2n+1 i
Fol(Tlxr) = ——————E3 . 1(97; x7),
o1 (TIX7) 2 S (@73 x7)

2(—27Ti)2n+1

0 .
(2n)! E2n+1(5]7 Xx7)-

Fy (tlx) =
This leads to another proof of Corollary 5.4 in the case n > 1.
Remark 6.2. The polynomials in the numerators of the right-hand sides of Theorems 1.1 and 1.2

can be computed by equating coefficients in the g-expansions of both sides. For example, the
case n =4 of Theorem 1.1 implies

00 . .8
(282592 +7 Z(%) — ) (49h% 4+ 13 +1)°
q

j=1 B

= 29(60 + c1h + cah? 4+ c3h® 4 c4h* + cshs),
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for some constants cgp, c1, ¢2, 3, ¢4 and c5. If we equate coefficients of qk on both sides for
0 < k < 5, then we obtain a triangular system of linear equations, from which we successively
obtain

co = 282592,

c1 = 5934439,
cp =47477374,
c3 = 168120421,
c4 = 225650782,
c5 =40353607.

The calculations are easily performed using computer algebra.
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