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1. INTRODUCTION
The Legendre family of elliptic curves

Ea : y2 = x(x − 1)(x − a)

is well known in the literature. For any fixed complex number a, Ea corresponds to a double cover of the
complex line ramified at four points : 0, 1, a, and ∞. If a is different from 0, 1, ∞, the resulting covering
curve is an elliptic curve, topologically isomorphic to a torus. Elliptic curves constitute a well-studied
subject and have many important applications, such as Elliptic-Curve Cryptography.

Let p be an odd prime and a be p-integral, a �= 0, 1. Let #(Ea/Fp) be the number of solutions Ea

over the finite field Fp. From the computations of the Hasse invariant of the elliptic curve Ea [1, Chap. V,
Sec. 4], it is known that

#(Ea/Fp) ≡ −
(p−1)/2∑

k=0

(
2k
k

)2

2−4kak (mod p). (1)

We mention here that the upper limit of the original sum was p − 1. However, we may replace p − 1 by
(p − 1)/2, since for k ≥ (p + 1)/2,

(
2k
k

)
≡ 0 (mod p).

On the other hand, from [2, Secs. 2.8–2.11], we know that

#(Ea/Fp) ≡ −
(p−1)/2∑

k=0

(
(p − 1)/2

k

)2

ak (mod p). (2)
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Combining (1) and (2), we conclude that

(p−1)/2∑

k=0

(
2k
k

)2

2−4kak ≡
(p−1)/2∑

k=0

(
(p − 1)/2

k

)2

ak (mod p). (3)

The congruence (3) can be proved directly by observing that
(

(p − 1)/2
k

)2

≡
(

2k
k

)2

2−4k (mod p). (4)

Now, when a = 2, the so-called complex multiplication is defined on the elliptic curve. Roughly
speaking, this means E2 admits extra symmetries. For instance, if (x, y) is a pair of solution E2, then
(−x + 2,

√
−1 · y) is another. It is known that E2 is supersingular over Fp when p ≡ 3 (mod 4) (see [1,

Sec. V.4] for the definition). Therefore, by the proof of Theorem 4.1 in [1, Sec. V.4], if p ≡ 3 (mod 4),
then

#(Ea/Fp) ≡ 0 (mod p). (5)

Hence, we have the following “modified” version of (3):

(p−1)/2∑

k=0

(
2k
k

)2

2−3k ≡ (−1)(p−1)/2

(p−1)/2∑

k=0

(
(p − 1)/2

k

)2

2k (mod p) (6)

with the factor (−1)(p−1)/2 inserted.
It turns out that the following supercongruence is true:

Theorem 1. Let p be a prime, and n = (p − 1)/2. Then
n∑

k=0

(
2k
k

)2

2−3k ≡ (−1)n
n∑

k=0

(
n

k

)2

2k (mod p2). (7)

Our aim in this short note is to prove (7). The surprising fact is that although most proofs
of “supercongruences” involve methods like the Wilf–Zeilberger algorithm (see [3], [4]), Gaussian
hypergeometric series (as in, e.g., [5], [3]), hypergeometric series evaluation identities (see, e.g., [6]),
the proof of (7) requires only some elementary binomial identities.

2. PROOF OF THEOREM 1

The proof of Theorem 1 follows from two simple lemmas.

Lemma 1. Let p be a prime and n = (p − 1)/2; then
n∑

k=0

(−2)k
(

n

k

)(
n + k

k

)
≡

n∑

k=0

(
2k
k

)2

2−3k (mod p2). (8)

Proof. Note that
(1/2 + ε)k

k!
=

(1/2 + ε)(1/2 + ε + 1) · · · (1/2 + ε + k − 1)
k!

=
(1/2)k

k!

(
1 + 2ε

k∑

j=1

1
2j − 1

+ O(ε2)
)

. (9)

Substituting ε = p/2 and ε = −p/2 in (9), we find that
(

n + k

k

)
=

(1/2)k
k!

(
1 + p

k∑

j=1

1
2j − 1

+ O(p2)
)

,
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(−1)k
(

n

k

)
=

(1/2)k
k!

(
1 − p

k∑

j=1

1
2j − 1

+ O(p2)
)

respectively. Therefore,

(−1)k
(

n

k

)(
n + k

k

)
=

(
(1/2)k

k!

)2(
1 + O(p2)

)
. (10)

After multiplication by 2k and summing everything up, we arrive at (8).

The Legendre transform of a sequence {ck}∞k=0 is the sequence {an}∞n=0 that satisfies the relation

an =
n∑

k=0

(
n + k

k

)(
n

k

)
ck, n = 0, 1, 2, . . . .

To complete the proof of Theorem 1, we will find the Legendre transform of the sequence (−2)k .

Lemma 2. The following is true for any nonnegative integer n:

n∑

k=0

(−2)k
(

n

k

)(
n + k

k

)
= (−1)n

n∑

k=0

(
n

k

)2

2k. (11)

Proof. Write
(

n + k

k

)
=

k∑

j=0

(
n

j

)(
k

k − j

)
.

Then
n∑

k=0

(−2)k
(

n

k

)(
n + k

k

)
=

n∑

k=0

(−2)k
(

n

k

) k∑

j=0

(
n

j

)(
k

k − j

)
=

n∑

j=0

(
n

j

) n∑

k=j

(−2)k
(

n

k

)(
k

k − j

)

=
n∑

j=0

(
n

j

)2 n∑

k=j

(−2)k
(

n − j

k − j

)
,

because
(

n

k

)(
k

k − j

)
=

(
n

j

)(
n − j

k − j

)
.

Therefore,

n∑

k=0

(−2)k
(

n

k

)(
n + k

k

)
=

n∑

j=0

(
n

j

)2 n−j∑

l=0

(−2)l+j

(
n − j

l

)
=

n∑

j=0

(
n

j

)2

(−2)j
n−j∑

l=0

(−2)l
(

n − j

l

)

=
n∑

j=0

(
n

j

)2

(−2)j(−1)n−j = (−1)n
n∑

j=0

(
n

j

)2

2j .

The proof of Theorem 1 now follows from (8) and (11).

As a corollary of Theorem 1, we see that the congruence (5) holds.
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Remark 1. In the case a = 1, the cubic equation y2 = x(x − 1)2 is singular, that is, the curve E1 is
isomorphic to a sphere, but not to a torus. This is the degenerate case corresponding to a related
supercongruence,

(p−1)/2∑

k=0

(
2k
k

)2

2−4k ≡ (−1)(p−1)/2 (mod p2), (12)

due to Mortenson [7, Theorem 1] (see also [8, (1.1)]). It can be also shown using the elementary ideas in
the proofs of Lemmas 1 and 2.

Indeed, summing (10) over k, we conclude that

(p−1)/2∑

k=0

(
n

k

)(
n + k

k

)
(−1)k ≡

(p−1)/2∑

k=0

(
2k
k

)2

2−4k (mod p2). (13)

On the other hand, it is not difficult to see that
n∑

k=0

(
n

k

)(
n + k

k

)
(−1)k = (−1)n. (14)

Combining (13) and (14), we arrive at the congruence (12).
It would be nice to have similar elementary proofs for Mortenson’s other supercongruences [8, (1.2)–

(1.4)].
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