Journal of Number Theory 130 (2010) 1898-1913

Contents lists available at ScienceDirect &
Journal of Number Theory
www.elsevier.com/locate/jnt

New analogues of Ramanujan’s partition identities

Heng Huat Chan, Pee Choon Toh *

National University of Singapore, Department of Mathematics, S17, 10 Lower Kent Ridge Road, Singapore 119076

ARTICLE INFO ABSTRACT

Article history: We establish several new analogues of Ramanujan’s exact partition

Received 21 June 2009 identities using the theory of modular functions.

Communicated by David Goss © 2010 Elsevier Inc. All rights reserved.

MSC:

11P83

11F03

Keywords:

Modular forms

Partitions

Congruences

Dedekind eta function

1. Introduction

Let p(n) denote the number of unrestricted partitions of the non-negative integer n, then
p(5'n+85;)=0 (mod57), (1.1)
p(7/n+87;)=0 (mod 7L/2+1), (12)
p(11n+5611;)=0 (mod 117), (13)

where 6, j = 1/24 (mod £J). These are commonly known as the Ramanujan congruences. The con-
gruence (1.3) was proved by A.O.L. Atkin [1] while the proofs of (1.1) and (1.2) have traditionally
been attributed to G.N. Watson [18], although Ramanujan had already outlined the proofs in an un-
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published manuscript [4]. More details about this and other results concerning p(n) can be found in
[13, Chapter 5].
In [15], Ramanujan proved (1.1) and (1.2) for j =1 and 2 using the following two identities

Sn 5
Zp(5n+4)q _5]_[ - qn))6, (1.4)
and
7n 3 1— n\7
3 p(7n + 5" —71‘[ = ,,))4 q]‘[( T (15)
n=0

Identity (1.4) was described by G.H. Hardy as Ramanujan’s most beautiful identity [16, p. xxxv] and
Ramanujan [15] provided an elegant proof using the following identity,

_ ( —q”/s) 1
1/5 | | —— —1-R 1.6
(1-¢ ~ R@ @ (16)

where R(q) is the Rogers-Ramanujan continued fraction given by

q1/5 q q2

RO="FT 4 1+7T+.

Recently, H.-C. Chan [5, Theorem 2] proved an analogue of (1.6) involving Ramanujan’s cubic con-
tinued fraction and obtained an analogue of (1.4). He showed that if

1

Z“‘")" ‘Hm’

then

1— 3ny\3 1 6n 3
Za(3n+2)q _3]_[( qn))4((]_ ZH))4. (1.7)

H.-C. Chan and S. Cooper [7] subsequently obtained another analogue of (1.4), namely,

1— 2n\4 1 611 4
Zc(Zn—i—l)q _2]_[ ( 2“))6 (1 _q3n))6 , (18)

where the generating function of c(n) is given by

1
Zc(n)q = l_[ 1 - qn)Z(] _ q3n)2'

Again (1.8) was derived via an identity analogous to (1.6). (See also [10].)

The existence of identities (1.4), (1.5), (1.7) and (1.8) can all be explained by the theory of modular
functions. Furthermore, they can be established without first proving identities similar to (1.6). The
first author and R.P. Lewis [9] used Hecke operators to provide a uniform proof of (1.4), (1.5), as well
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as an identity due to H.S. Zuckerman [19] involving the coefficients p(13n + 6). In the next section,
we extend their technique to prove (1.7), (1.8) and several new identities. To state these identities, let
t be a positive integer and define the infinite product

o0

EO=]](1-4q"). (1.9)
n=1
A generalized partition 7 is an expression of the form
”Z[Hf“} (110)
t

where r; are integers and only finitely many r; are nonzero. For a fixed partition 7r, we define the

associated infinite product

o0
Az =[]TT - =]]EGD™ (111)
t n=1 t
and the coefficients p; (n) by
0 0 1
nZ:(:)pn(n)q =T (112)

In this notation, a(n) = p1,1;(n) and ¢(n) = py232;(n). We also adopt the convention that pr (1) =0

whenever n is negative.

Theorem 1. The following identities hold.

,épmm(zn_l)qn:q%’ (113)
- prs2n - 0" =47 G+ 80 L O (114
gpmzﬂ_g)qnZZngg;jggf;j 2 ENEED! s
gp[ﬂzBl](Zn 3 = E}il(igiggz 3 igijigg;i ’ 1)
gp[1lzl](5n_3)qn:3q% Z%HZS 3%, (118)
S vion— £ ST R oo

n=0
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> e 1e2 EEQRD) 3 E(7)?E(21)? JE(M3EQ1)3
gp“@]ﬂn 8)q" = 16q 7}5(1)25(3)2—%161 TAPEGT + 980 TAFEG)T
sE(MAEQD4 ¢ E(MAEQ1)°
+3773¢q 75(1)5“3)5 + 9604q 75(1)%(3)6
;E(7)8E(21)8 s E(DE(21)7
+16807q TATEG)T +16807q EAPEGS (1.20)

Besides proving (1.7) Chan [6] proved a higher power analogue of the Ramanujan congruence
for a(n). The corresponding analogue for c(n) was subsequently established by Chan and Cooper [7].
The result for a(n) is

Corollary 2. (See H.-C. Chan [6].)
a(3jn +¢j)=0 (mod 32U/2H1),
where cj = 1/8 (mod 3/).

In Section 3, we shall prove a different higher power congruence for a(n), involving the prime 5,
which leads to the following.

Corollary 3.
a(5jn +dj)=0 (mod SL%J),

where d; = 1/8 (mod 5/).

Both Corollaries 2 and 3 were first discovered implicitly by P.C. Eggan [11].1
2. Proof of Theorem 1 and consequences

In this section, we shall illustrate how the identities in Theorem 1 may be constructed via the
theory of modular functions. Most of the results that we need can be found in [2].

Let H={r € C: Imt > 0} be the complex upper half plane and I be any subgroup of SLy(Z).
Elements of I act on H as linear fractional transformations and I" has a connected fundamental

domain. The points of compactification of the fundamental domain on the boundary of H are called
cusps. Fix an integer k for a function f(r) on H. k is usually called the weight of f(7), although

in our treatment we are mainly interested in the case k = 0. For any matrix L = (‘C’ 3) € GL;L R), we
define the slash operator by

fl L=(ad—bc)"/2(c1:+d)_kf<%>. (2.1)

We say that f(t) is a modular function (of weight 0) on I', if f(7) is analytic in the interior of H,
meromorphic at each cusp of I and satisfies

flv=f, foreveryV er.

1 We thank E.G. Garvan for this reference.
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We define

To(m) = {(‘z Z) € SLy(Z): ¢ =0 (mod m)},

and

_(n O (11 _[ex 'y
A"_<O ])’ S_(O 1)’ We_(mz ew)’

where W, is known as an Atkin-Lehner involution and satisfies det W, =e, e || m. The action of W,
is independent of x, y, z and w in the definition and Wf = I modulo Iy(m). W, is in the normalizer
of I'p(m) and we denote the group generated by I'p(m) and W, by Io(m) + W,. Finally, we define
the Hecke operator U for some prime ¢ by

-1
flup=>Y_r|A;'sl (2.2)

j=0
Lemma 4. Let ¢ be prime, £ | m. If f(7) is a modular function on I'y(m) then f | U} is a modular function
on I'p(m). Furthermore, if €2 | m then f | Uy is a modular function on I'p(m/£).
Proof. [2, Lemma 7]. O
Lemma 5. Let e | m. If f(t) is a modular function on I'y(m) then f | W, is a modular function on I'p(m).
Proof. [2, Lemma 10]. O

Lemma 6. Let ¢ be prime, £ |m, e ||m and (£,e) = 1. If f(t) is a modular function on I'y(m) then

(f1UD) [We=(f 1 We) | UL

Proof. Following the proof of [2, Lemma 11], since (¢, e) =1, we can choose

Wes<(]) ?) (mod ¢) and Mj:<g _1])

By the definition (2.2), we have

Flup=>_r|m;t

thus it suffices to prove that each Mj_] commutes with We. A straightforward computation reveals

that M]._1WeM j is a matrix with integral entries and is equal to some W,. Since these are involutions,
-1 - -1 -1

fIM; WeM;W; ! = f, hence fIM We=f|WeM;. O

Lemma 7. Let ¢ be prime, ¢2 | m, e||m and (¢, e) = 1. If f() is a modular function on I'y(m) + W, then
f 11U} is a modular function on I'y(m/£) + We.
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Proof. By the hypothesis, f is also a modular function on Ip(m), hence f(t) | U} is a modular func-
tion on I'o(m/¢). Thus it suffices to show that f(z) | U} is invariant under W, which follows directly
from Lemma 6. O

From this point onwards, we only consider modular functions that vanish at all cusps. If we let
q =e?™iT the Fourier expansion of the modular function f(t) is given by

fmy=Y"amq".

n=1

For a prime ¢, the Hecke operator U, is defined by

flUe=) atnyq". (2.3)

n=1

Lemma 8. Let £ be prime, £ | m. If f (t) is a modular function (of weight 0) on I'y(m) that vanishes at all cusps,
thenf |Upg = f | Uy.

Proof. [2, Lemma 14]. O

Lemma 9. For a product of two Fourier expansions, we have

( > amg™ Zb(n)q”) ‘ Ue= ( Za(n)q”) ( Zb(ﬂn)q").
n=1 n=1 n=1 n=1

This result was known to Atkin and O’Brien [3, Eq. (28)], [12, p. 126] and plays a crucial role in
our proof of the identities in Theorem 1. We have seen that the U, operator maps a modular function
to another modular function on some I". Let H* be the union of H and the set of cusps of I, if the
genus of I"\H* is zero, then we know the function field of I"\H* over C is generated by a certain
modular function h, known also as a hauptmodul. For brevity we simply say I" has genus zero.

Proof of Theorem 1. Fix a prime ¢ and a partition 7 and define A(j) = Az (j) according to (1.11).
¢ and 7 are chosen such that

A%

p=0¢(1)=¢ A

0?2 —1
withoy = —— tre, 2.4
- ; t (24)
is a modular function on I'y(¢%e) + We, where (£, e) = 1. In addition, Ip(£e) + W, should have genus
zero, with hauptmodul defined by

ARy
A1)V

h=h(t)=4q" where 8 = % Z try. (2.5)
¢

In the above, o, 8 and y are all positive integers.
From Lemma 9,

$|Ur= (qaﬂ(fz) an(n)q”) ‘ Ue = A(l) Z pr(fn—a)q". (2.6)

n=0 n=0
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On the other hand, by Lemma 7, ¢ | Uy is a modular function on Iy(¢e) + W, which has genus
zero. Thus, it must be generated by the hauptmodul h. For each of the identities in Theorem 1, as well
as (1.7) and (1.8), a computation reveals that ¢ | U, are all polynomials in h with integral coefficients,
ie.

o0
an(fn—a)q”=—2ajhj, aj 7. O (2.7)
n=0 Jj=
We shall illustrate by proving identity (1.20) in detail. The Dedekind eta function is defined as
i .
n(t)=q'/% H(l —q")=q"/**E(1), whereq=e*"". (2.8)
n=1

For a generalized partition v, we define the eta-quotient associated with 7= by
Nz () =] [no)". (29)
t

Many examples of modular functions of weight 0 on I'p(m) + W, can be given in terms of eta-
quotients. In particular, I5(21) + W3 has genus zero, and is generated by the hauptmodul

_nTonCir) _ A
n(@n@Gr) A’

where A(j) = E(j)E(3j) and w =[1'31]. Now using the results in [8], we can check that

_ M9DN(1477)  GA(TD)
T TonGn LA

[o.¢]
A(72) Zp[]l’:.;l](n - S)qn
n=0

is a modular function on IH(147) + W3. Thus

o0
¢ U7=AT)Y_ pm 31(Tn—8)q"
n=0

is @ modular function on I'p(21) + W3. A direct calculation shows that it is equal to the following
polynomial

p(h) = 16h? + 161h3 + 980h* + 3773h> + 9604h® + 16807h” + 16 807h8, (2.10)

which proves identity (1.20). The proofs of the other identities are similar, and can be deduced from
Table 1.

The list of identities given in Theorem 1 is by no means exhaustive. In theory, there should be
many modular functions where one can apply the U, operator to lower the level by ¢. If the resulting
congruence subgroup has genus zero, an identity in terms of the hauptmodul exists and can be easily
calculated. But having genus zero is not a necessary condition. M.L. Lang has classified all congruence
subgroups of level less than 300 that have genus zero and a list of these groups is given as an
appendix in [8]. There are a total of 15 groups that explicitly meet the conditions set out in the proof
of Theorem 1. The remaining 5 groups share the property that e in I'p(m) + W, is composite. Their
associated identities can be deduced from Table 2.
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Table 1

Identity To(t%e) + We 14 6 (T) =nx 7 h=nx P(h)

17 [o(18) + W2 3 (228 (12" 125 3h

(18) ry(12) + ws 2 (212 (123 (251 2h

(113) o(28) + W 2 (42 (117 (2] h

(114) 5(20) + Ws 2 429 [145%] 1249 4n2 4 83

(115) Tp(44) + Wiy 2 (544 [12112] 152 2h2 + 2h3

(116) To(45) + Ws 3 (24 [1's'] [ERES) h + 3h2

(117) I5(92) + Was 2 (42 [1'23'] 121490 h? + h3

(118) I5(50) + W> 5 (25,30 [1'21] (212 3h + 25h2 + 125h3

(119) I5(99) + Wiy 3 (53] [1'11'] (3] 28 + 303 + 3

(1.20) To(147) + W3 7 (42 [1'31] (Zah p(h) defined in (2.10)
Table 2

Io(£%e) + W, ‘ ¢ () =0z b h=1y P(h)

REe+Ws 3 (553 (1'2714") Ly h

Lee+Ws 2 (558 (1°3729°) (258 3% +2h3

I5(60) + Wis 2 (260 ) [123-15-1152] (221530 ) 2h? + h3

Io(72) + Ws 3 [y (1227147182 (23428 4h? 4+ 6h3 + 3h*

T5(100) + Wy 5 (22100 [122-242) (2520 11h? + 60h3 + 175h* + 250k + 125h5

From the above identities, we see that only a(n), c(in), pjja54(n) and py2172;(n) satisfy

pr(n—a)=0 (mod¢). (2.11)

J. Sinick [17] has obtained some necessary conditions for such congruences.
We further note that identities (1.13), (1.16), (1.18), (1.19) and (1.20) can be written as the following
congruences:

E(2)E(14) ip[pm@n - 1q"=n*(mn*(7t) (mod2), (212)
n=0

E(3)E(15>ip“151](3n—2)q"sn4<r>n4(5r> (mod 3), (213)
n=0

E(5)E(10) ip[1121](5n —3)q"=3n%(t)n@21) (mod5), (214)
n=0

E(3)E(33)§:p[11111](3n—4)q"52}74(‘5)774(]11’) (mod 3), (215)
n=0

E(7)E(21)ip“131](7n—8)q"zzn”(r)n”m) (mod 7). (2.16)

n=0
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Recall that in each of the above, the expression on the left-hand side is a modular function on
I'o(¢e) + W, which is now congruent (modulo £) to a modular form on Ip(e), where the weight
of this modular form is divisible by ¢ — 1.

To state our results involving higher powers of the prime ¢, we fix a partition 7w = [[[, "], the
associated infinite product A (j), and the modular functions ¢ (t) and h(t). (See (1.11), (2.4) and (2.5)
for the respective definitions.) For positive integers j, define

o
Lyj—1=Az(0) ZPn (¢~ = 82j_1)q",

n=0
0 .
Loj=Ax(1) Y pn(¥n—585j)q", (217)
n=0
where
1—¢2
82]‘71 =821 = wa

(See (2.4) for a definition of «.)

Theorem 10. In each of the fifteen cases listed in Tables 1 and 2, L; is a polynomial in h, the hauptmodul, with
integral coefficients.

In terms of L;, we can reformulate the results of [6] and [7] as the next two theorems.

Theorem 11. Let 7 = [1121], ¢ = 3 and o = 1, then for each j,
Lj=c;32 8B 2r)  (mod 32141+2),
where c; is some integer relatively prime to 3.
Theorem 12. Let 7 = [1232], ¢ =2 and o = 1, then for each j,
Lj=d2" 8 (0)nB31)  (mod 2141+2),

where d; is some integer relatively prime to 2.

We also have the following result.
Theorem 13. Let w =[1'21], ¢ = 5 and o = 1, then for each j,

Li=e;513 8P 2r) (mod 5141+1),

where e is some integer relatively prime to 5.

Corollaries 2 and 3 in Section 1 are immediate consequences of Theorems 11 and 13.

Remark 1. Theorems 11-13 are motivated by an observation of the first author. He found that for
prime numbers ¢, if [, is the smallest positive integral solution to

24x=1 (mod ¢")
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and
LTI =a™) e p@k +hg ", ifnis odd,
e [1e2,(1 =g 020 Pk + 1)k +!,  ifnis even,

then

Lns=5"a,A (mod5"t7), (218)

Ln7=7"2%1p, A (mod 71"/21+2) (219)
and

Lp11 =11"cy AEg  (mod 11"1), (2.20)

where (5,a3) = (7,bp) = (11,¢0) =1,

e 24
A=q]](1-4Y
k=1

and

k’q

]_qk'

0 k
Eg=1+480 Z
k=1

Note that (2.18) and (2.19) follow immediately from Watson’s work (see [12]). The congruence (2.20),
on the other hand, does not follow immediately from existing methods. Y.F. Yang, at the request of the
first author, verified (2.20) for the first few values of n. It is very likely that one can obtain a rigorous
proof of (2.20) using Atkin’s method given in [1]. It is our hope that by writing the congruences in
the form as in (2.18)-(2.20), new proofs which are independent of Atkin’s identities and explicit use
of modular equations such as (3.6) can be found.

3. Identities involving higher prime powers

We shall illustrate how Theorem 10 may be proved by induction on j, with the identities of
Theorem 1 forming the respective base cases, Li. This method is due to Atkin [1], [12, Chapters 7
and 8]. We first establish the following general lemmas.

Lemma 14. For a positive integer j, we have
Lyj1|Ug=Lyj,
(@L2j) |Ug = Lajt1-

Proof. We shall only prove the second equation.
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2 Al?)
A(1)

o0
plaj=q A pr (270 — 8,5)q"
n=0

=A(€?) Z pr (i —a)— 1+ +- +272)a)qg"
n=0

o0
=A()) pr(¥n—53511)q".
n=0

The result then follows from Lemma 9. O

We need to study the effect of applying the Hecke operator U,, on the modular functions ¢ and h.
For a positive integer r, define

l T+]

_ r
sr—Z¢>< . )

j=0

-1

- de(r) |A; 1S

j=0
=¢"(v) | U}
=" (1) | Uy. (3.1)

Lemma 15. For a positive integer p, we have
S
hp U — py ,
[Ue=Gne

Spy+1
(¢hP) [ Ue= =5~

Proof.

hP — gPB AWOPY
APy

B gP® APV wpy A(£2)PY

T gpBUHD) A(g2)py AQ)PY

1 AW@)PY
= g A ey

In the above, we used the fact that oy = (¢ 4+ 1). By applying U, and Lemma 9,

1 AQ)PY

hp|UK=qWA(e)py( PYy| (3.3)
11
=pp g0

The proof of the second equation is similar. O
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Next, we have to show that ¢(%j) are distinct roots of a polynomial with coefficients in terms

of h. By Newton’s formula for symmetric power sum of roots [12, p. 118], each S; satisfies a recur-
rence relation and can be written as a polynomial in terms of h. Thus if L is a polynomial in h,
multiplying L; by ¢ if necessary and applying U, we see that Lj;q can be written in terms of a sum
of S; which in turn can be written as a polynomial in h.

At this stage, the proof depends crucially on a modular equation satisfied by the corresponding ¢
and h and we shall provide the details for £ =5 and the partition w =[112!]. Hence A (j) = A(j) =
E(J)E(2j) and pr (n) =a(n). We have

_77(25‘[)7](50‘6)_ 3A(25)
o= oo~ aqy

(3.4)

and

_ n2GUn*(10T)  A(5)?
MO = ey~ Tane

(3.5)

¢(t) is a modular function on I'y(50) + W5 and h(t) is the hauptmodul of IH(10) + W5. Furthermore
h(57) is also a modular function on IH(50) + W5 and thus ¢(t) and hs(t) = h(57t) belong to the
same congruence subgroup and as a result, satisfy a polynomial equation of degree 5 and degree 3
respectively [14, p. 110], i.e.

¢°(r) = (15hs(t) + 5°h3 (1) + 5%h3 (1)) % (v) — (5°h3 (1) + 5°h3(1)) 9> (7)

+ (5h2(1) + 52h3(1))$% () — 5h3 (1) (T) + hi(T). (3.6)

The above equation holds with hs5(t) = h(57) invariant when we replace 7 by 7 + j/5 for j from 1
to 4, thus we conclude that the following polynomial

Q () =u® — (15h + 5°h% 4 5403 )u? + (5%h? + 5°h%)u?
— (5h* +5%h%)u? + 5h%u — h? (37)

has five distinct roots ¢>(TTH), for j from O to 4. Now by Newton’s theorem, S; for r > 5, satisfies

Sr=(15h+5°h* + 5*h3) S,y — (5%h* + 5°h°) S,
+ (5h% +52h%)S;_3 — 5h3S,_4 + h3S,_s. (3.8)

We also have

S1=15h+125h% + 625h°,

Sy =175h% 4+ 3500h® + 34375 h* + 156250 h° + 390625 h®,

S3=15h? +2325h> + 69375h* 4+ 1031250 h° + 8 750 000 h® + 46 875 000 h’
+146484375h8 + 244140625 h°,

S4 = 280h3 +33375h* + 1237500h° + 24312500h% +295312500h” +2412109375h8
+13476562500h° +51269531250h'° + 122070312500 h!!
+152587890625h'2. (3.9)
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Hence if we write

Sr=>_arph”, (3.10)
we obtain the recurrence relation
ar,p = 15ar_1,p—1 +125ar_1, p—2 + 625ar_1,p—3 — 25ar_2, p—2 — 12502 p_3
+5ar-3p—2+250r_3 p-3 —50r_4p-3+0Gr_5p_3, (3.11)
for r > 5. Moreover, an induction argument shows that

3r+4

arp #0 ifand only if L J <p<L3r. (3.12)

If we now define v(ay ) as the highest power of 5 that divides ar and v(0) = oo, we can show by
induction that

(3.13)

5p—3r+4
V(@ p) > LP—J

4

We are now ready to prove Theorem 10 for ¢ and h defined in (3.4) and (3.5). Eq. (1.18) is our base
case and can be rewritten as L; = 3h + 25h% + 125h3. Suppose that we have

Lyjo1 =) baj_1,/h", (314)

where only finitely many by;_1 , are nonzero and each is an integer. Applying Us,

Lyj 1|Us=1Lyj= szjq,rhr | Us
6

r azhphl’
=Y baj1ry. o (3.15)

p=n

It follows from (3.12) that for every p in the second sum,

6r+4 r+4
p>u=[ :Jwﬂ%Jwﬂ (3.16)

Furthermore,

>1. (3.17)

5p—6r+4 6r+4—-1—-6r+4
v(azr,p) 2 { P J = { J

4 4

Thus Ly; is also a polynomial in h with integral coefficients. The inductive case from Lj; to Lpji1 is
similar. The other fourteen cases for Theorem 10 can be dealt with in the same way.
We will proceed to prove Theorem 13. We first note that

_nAGon*(10T) _ g g
h(r)_mzn (T)n°2t) (mod)>5). (3.18)
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If we set

Lj=Y bjh", (3.19)
then Theorem 13 follows from the next lemma.
Lemma 16.

v(bj—1,1)=j—1,

5r—4
V(b2j71.r)>j_1+\\ J ifr>1,
v(bzj1) = j,
. 5r—5 .
v(sz,r)>]+{ 1 J ifr>1.

Proof. We shall prove this by induction. Since Ly = 3h 4+ 25h% + 125h3, v(b1.1) =0, v(b12) =2 and
v(b13)=3.
Now from (3.15),

6r

ar phP="

sz:E sz,shs:E sz—1,r< E 72”75 ) (3.20)
s>1 r>1 =K

Equating coefficients, we have

a
bajs = szjq,r(—zr;”). (3.21)

r>1

Hence, for s > 1, we have

v(bajs) > —1 +m>i§1{j—1+ V“‘J n LS(s+r)—3(zr)+4H

4 4

Si—t4+min] |22 4] 2520
Z1 r>1 4 4

. {55—1J
>j—1+4

4
S iy 55—5
=] 2 .

We made use of the fact that the minimum occurs at r = 1. Next for the case s =1, we have

5baj1 =Y _baj_1.,r(@2r14r)
r>1

=bzj 11(a22) + Y _baj1.r(@2r14r)
r>2

=175byj_1,1 + Zij—l,r(GZr,lJrr)- (3.22)
r>2
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Thus,

v(byj1)=—1+min{2+j—1,min]j—1+ oAl |azred
2= A B 4 4

=—1+(+D=].

Next, we have
Lyjp1 =Y _baj1sh° = ($Laj) | Us

=Y bajry. 02r+1;5php_r :

p

Equating coefficients, we have

A2r41,s+r
bajy1s = Zij,r(T .

rz1

Thus, for s > 1, we have

5r—5 5 —3Q2r+1)+4
u(bz,-+1,s)>_1+?1>iﬂjﬂr Jﬂ(ﬁn @r+1)+ “

4 4

S i~ 1+ min 5r—5 " 55 —r+1
=1 r>1 4 4
>j—14+ >

=] 2

S iy 55—4
=] 4 .

When s =1,
5byj+1.1 =b2j1(a32) + szj,r(02r+1,1+r)
r>2
=15byj 1 + szj,r(a2r+1,l+r)-
r>2
Finally,

v(byit1.1) =—1+min{1+ j, ming j + =5 + Sortl
2j+1,1) = J,r>2 J 2 2

=-14+0+j =],

which completes the proof of Lemma 16. O

(3.23)

(3.24)
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