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Abstract

On page 196 in his lost notebook, S. Ramanujan offers evaluations of two particular Di-
richlet series. In this paper, we establish Ramanujan’s evaluations and more general results
by various approaches. The different evaluations arising from different methods yield in-
triguing, unsuspecting identities.

1. Introduction

On page 196 in his lost notebook [8, p. 196, equations (i), (ii)], Ramanujan recorded the
identities
i cos(nnz/a) 72 ? Xa: r (1 r) e N ar? L1
— - — —|l——)sin{—+4+— .
o 6 Ja“~—a a 4 a
and
i sin(zrn?/a) 7 Za: r (1 r) T N ar? (12)
—_— = -l ——)cos|—+—), .
= n? Ja ~a a 4 a

where a is an even positive integer. Note that when a = 2, (1-1) is equivalent to Euler’s
evaluation
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We also note that (1-1) and (1-2) are equivalent to the identity

> emin’ T ‘o N R
T TN (1 _) iGef4—r? @) 1.3
D v D L (13

Motivated by the left-hand side of (1-3), we let

0 amin/k
Ri(s) := Z , Res > 1, (1-4)

nS

n=1

where k is a positive integer. In this paper, we derive several identities, or evaluations, for
R (2m), when m is a positive integer.

To illustrate our work, we provide here three of our evaluations. The first identity ex-
presses R;(2m), for k = O(mod 4), in terms of the Bernoulli polynomials B, (), n > 0,
which are defined by

. B,(t
=Z ()x", x| < 2m, (1-5)
n!
and the Bernoulli numbers B,, := B,(0),n > 0.

THEOREM 1-1. Let a be an even positive integer. Then

(_1)m+17.[2m22m—1
2m)!

X <B2m + % i (Bz,,, <2> — B2m> eﬂi/4—ﬂiv2/a> ) (1-6)

Ry (2m) =

When m = 1, (1-6) reduces to (1-3).

To describe the second and third identities associated with R, (s), we recall the definitions
of the Stirling numbers of the second kind S(n, /) [9, p. 91] and the ballot numbers ¢, [10,
p- 130]. For nonnegative integers n and h, they are defined by

S(n, h) = L §h (-1 (h) (h— )"
and

n—h+1(n+h
nh = ————— , 1.7
Crnih n+1 < n ) (4-7)

respectively, where in the last definition we also require that 4 < n. When & = n, the
definition (1-7) reduces to the definition of the nth Catalan number [10, p. 101]. For a fixed
positive integer k and for nonnegative integers u# and v, let

k-1 v

Tw =2 o (a8

where o, = *"/k,
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THEOREM 1-2. Let T, , be given by (1-8). Then
(="t (27 2m 2m—1
R (2m) = 2emn ke By, — 2m Z Oom—t,s Tsx1,1 | » (1-9)

s=1
where
O = h1S(n, h).

THEOREM 1-3. Let k be a positive integer. Then

m 2m m
Ri(2m) = % (27”) By — 2m ;azm,,-nj,j , (1-10)
where
Aoy = 1 (1-11)
and, for j > 2,
j=2
o, j =Y _(=1)'cjmas (j = $)IS@m —1,j —s). (1-12)

s=0

We should note that the coefficients o, ; in the right-hand side of (1-10) are independent
of k.

We see from either Theorem 1-2 or Theorem 1-3 that we can represent R,,(2m) in terms
of e2™r*/k ¢sc2i (7 / k). More precisely, by Theorem 1-3,

(="l (27 2m
Re@m) =G (7)

k—1

= (_l)ja m, j ir . (TTF
x| Baw —2m Y T“ 3 ik s (7) . (1-13)

j=1 r=1

In Section 4, we obtain a further representation for R, (2m) in terms of derivatives of odd
order of the cotangent function. Such a formula inspires us to establish an explicit formula
for odd-order derivatives of the cotangent, and we do so in Proposition 4-2. We are not
aware of such a representation in the literature, and so we think that the formula (4-14) of
Proposition 4-2 is of independent interest.

Lastly, in Section 5, we approach our original problem through the theory of periodic zeta
functions.

2. Representations in terms of Bernoulli polynomials

In this section, we give a proof of Theorem 1-1. This proof is motivated by the observation
that (1-6) is similar to Dirichlet’s class number formula, which expresses a special value of a
certain Dirichlet L-series as a finite sum of terms involving the Legendre symbol [6, p. 51].
In our considerations, values of the Hurwitz zeta function

=1
C(s’x)_;(x-l—n)s’ Res > 1,

take the place of values of the Legendre symbol.
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Proof of Theorem 1-1. We begin by writing R (s), for Re s > 1, as

k oo p2mi(r+kn) [k

k
Rs) = ) o = kl e (5,7)). 1)
r=1

r=1 n=0
Since ¢ (s, x) has an analytic continuation into the entire complex s-plane, the right-hand
side of (2-1) gives the analytic continuation of Ry (s) to the whole complex s-plane.

Using the functional equation of the Hurwitz zeta function [1, p. 261, theorem 12-8], we
deduce that

Zeb‘rirz/kg (1 - %)

k k
F(S) 2mir? )k —mis/2 2mwirl/k wis/2 —2mirl/k ¢
= anky Ze / Z(e [22rirt/k 4 omis/2e / ); s, 7)) (2-2)

r=I1 =1

Interchanging the summations on the right-hand side of (2-2), we deduce that

s) k ¢ k k

—7i i(r24re)/k Tis)2 2mi(r2—re)/k
I S ¢ (s, ) {e wis)2 POk L, e }
(Q2mk) ZH k 2 Zr:l

r=1
k

k
B ()R () (o)

=1

Letting s tend to 1 — 2m, where m is a positive integer, we find, using the residue of I"(s) at
s =1-—2m[1, p. 250], that

slillzlbn F(S) cos (%) - sliIIEIZm(S B (1 B 2m))F(S)S _O(Sl (—72)1’”)

(—l)mﬂ

T 22m -1 24

From [1, p. 264, theorem 12-13], we find that

12 1 12

Using (2-4) and (2-5) in (2-3), and then (2-3) in (2-1), with s replaced by 1 — 2m, we deduce
that
JT(— 1)m+1

R (2m) = )k (Zm)!SZmy

(2-6)

where

k k
12 (2
Sn — § Bn <E> § eZm(r +rl)/k' (27)
=1

r=1
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Next, let k = 2a, where a is even. Then

2a a a
Zezm(r2+r£)/(2a) — Zezm(r2+rz)/(2a) + Ze2m((a+r)2+(a+r)e)/(2a)

r=1 r=1 r=1

= (1+ (=1 Y emicrore, (2-8)

r=1
Hence, the left-hand side of (2-8) vanishes when ¢ is odd. Let £ = 2v. Then, we may write
(2-8) as

2a a
ZeZJTi(r2+r£)/(2a) — Zzeni((ﬂrv)zfvz)/a
r=1 r=1

a

— 2efniv2/a Z em'sz/a
s=1
= 2a(l + i)e ™/
— Zﬁeni/4—ﬂiv2/c¢’ (2-9)
where we have used the fact (see [1, p. 195, equation (30)] or [4, p. 15, corollary 1-2-3])

4c
ZeZnirZ/Mc) — (1 + l) /40’
r=1

where c is any positive integer. By (2-7)-(2-9), we deduce that

2a  2a
Som = Bo Z Z ezm(r2+re)/(2a)
r=1 (=1
2a Z 2a
A 2mi(r24rl)/(2a)
#3857 ) ~ B e
=1 r=1
“ v
: £2
=2a-B,, + 2\/52 (BZm (_) _ BZm) em/4—mv /u.
v=1 a

Substituting the last equality into (2-6), we conclude the proof of (1-6).

3. Representations in terms of cosecant functions
In this section, we give proofs of Theorems 1-2 and 1-3. We first establish a lemma.
The polynomials U, in Lemma 3-1 below are related to the Eulerian polynomials [3, equa-
tion (0-1)].

LEMMA 3-1. Suppose o + 1 and

X

00 U,
Ty e 31
o

er — n!
n=1

Then

n—1
U =u and U, =n(l —u) Zan_lyhuh(—l)hfl, n>=?2,
h=1
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where

and Onpn = h!S(n, h). (3-2)

Proof. From (3-1), we find that

xe* = (" —a) (Z %x”)

n=1

(k) (55)

Comparing the coefficients of x” for n > 1, we find that

and
n—1
n
n:(l_a)Un+ <> Un_‘, I’l>2
; ] '

Using the value U; = u, we see that U,,, n > 2, must satisfy the recurrence relation

n—1

U, = nu(l —u)—uz<’;> U;. (3-3)

j=2
Let
Uj=ju(l—-u)V;.

Note that V; = 1/(1 —u) and V, = 1. By (3:3), V;, j > 2, satisfies the recurrence relation

Define
1
=
1—u

and

n—1

Wn = Zoin—l,huhil(_l)hila n 2 2.

h=1

Clearly,

W, =W and W2=S(1,1)=1=V2

Thus, in order to prove Lemma 3-1, it suffices to show that W, satisfies the same recurrence
relation as V,,, namely,

WV
)

(3-4)

n—1
—1
anl—uZ(’;_1>Wj, n
j=2
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Now, we observe that

n—1

n—1 j—1
n—1 n—1
a1 W=+ E(50)) orten

= \/ = \J h=1
Jj= Jj= =

n—2 n—1

n—1
I SIE S (J. - 1) S
h=1

j=h+1
In order to show that W, satisfies (3-4), it suffices to prove that

n—1
n—1
On—1,h+1 = Z (j _ 1) Oj—1,h» (3-5)

j=h+1

because S(n — 1, 1) = 1.
Now, using (3-2), we may rewrite (3-5) as

n—2
h+DSh—-1,h+1) = (n—.1> S(j, h),
i
or, with n replaced by n + 1,
n—1
(h+ DS h+1) =3 (;’) SG, h, (3:6)
j=h

where 4 < n — 1. Adding the term S(n, &) to both sides of (3-6), we conclude that
S, +th+1DSH,h+1) = Z (;’) S(@j, h). 3-7)
j=h

It is known that [9, p. 43, equation 14(b)] the right-hand side of (3-7) equals S(n+ 1, h + 1).
Hence, (3-7) is equivalent to

Sm+1Lh+1D)=Snh+GH+1D)SH, h+1). (3-8)

Since (3-8) is a well-known property of S(n, ) [9, p. 33, equation (37)], this completes the
proof of Lemma 3-1.

Recall from (2-6) that we can express R;(2m) in terms of S,,,, where S, is given by (2-7).
Note that (2-6) and (2-7) hold for any positive integer k. We now examine S,.

Separating the term with » = k in (2-7) and using the multiplication formula for Bernoulli
polynomials [7, p. 590, equation (24-4-18)]

k—1
¢
B, (kx) = k" Z B, <x + E)
=1

with x = 0, we deduce that
k—1
Sy =k'""B,+ Y AL, (3-9)

r=1

where

k
L )
A,(r) = ZB" <%> a)f, w, = eZmr/k. (3-10)
(=1
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Substituting r = ¢/k in (1-5), multiplying by !, and summing over ¢, 1 < € < k, we

deduce that
o) 1 k Z X k
D DI (—) wf> X" = “tk gt (3-11)
n=0 n! ( k e - 1 =1

Since

we find, from (3-10) and (3-11), that

=1 xe/k

n —_—
Z n—!A,,(r)x T etk — 1
n=0 r

Replacing x by kx (with |x| sufficiently small), we have

o0 x

1, " xe
Z;k A, (H)x" = , (3-12)

et —«o
n=0

where o = o' * 1.

We are now ready to prove Theorem 1-2.

Proof of Theorem 1-2. Lemma 3-1 and (3-12) give a representation of A, () in terms of
Stirling numbers of the second kind, namely,

n—1

KAL) =n(l=u) Y o (=)', (3-13)

h=1

where u = 1/(1 — w;"). Set n = 2m in (3-13) and then substitute (3-13) in (3-9). Using also
(2-6), we then find that

o omin?/k (—1)m+]7'[(27'[)2m_1

e
Ry (2m) = Z 2m = k(2m)' Som
n=1
m+1 2m—1 k-1
_ (_1) * 7T(27[) By + 1 ZeZNirz/k
k(2m)! jon1 T £

2m—1

o]
X 2m Z (=101 (@, — [y }

h=1

(=D 2\ S
= Sami \x) (Bt

r=1

2m—1 a)h
X Z( 1) O2m— lh 1)I1+1}

Now replace r by k —r in the summation over r on the far right-hand side above. Employing
(1-8), we then obtain the assertion (1-9).

In order to prove Theorem 1-3, we need to replace the terms

T, 1 <s <2m—1,
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in Theorem 1-2 by

1;,;, 1<j<m.
To effect such a change, we need two lemmas.

LEMMA 3-2. Let j be a positive integer. Then

i1,
-1
72J==§:<Jv )7}WHJ- (3-14)

v=0

Proof. From the definition (1-8),

w!
2mir?) r
Ty = Ze — 1)2,

k—1 _
_ Z€Z7Tir2/k Cl)r((,(),-)j !
@ — 1Y

r=1

j—1
— ZeZmr /k _rl)zj (Z ( ) (U)r _ 1)\))
— JXI: <j - 1) T.
- v JjH+v+1,15

v=0

where in the penultimate line we replaced vby j — 1 — v.

LEMMA 3-3. Let j be a positive integer. Then

2]2

hj1=—3 Z (2J > Thia1- (3-15)

Proof. Replacing r by k — r and then introducing the notation v = w, — 1, we find that

-1

k=1
1 2mir/k @r @y
Djs1a = 5 ;e (@, — 2 + (@ 1 = Dot

k—1
1 2, O, (a) -1
2wirs/k =T
[ — e —
2 Z
r=1

(@ — 1)+

p2i+l

w, L2 27 —1
_ 2mirt/k Pr J — 2j—1—h
o Z p2Jt1 <Z ( h > v )

h=0

__lkilj er/kwr((v+ )2] 1_1)
2

2j-2

e

Proof of Theorem 1-3. Let
M, ={T;,12 < j < s}
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and
Ny = (T, ;11 < j <s).

We claim that for fixed ¢, every term in M, is a linear combination of elements in JV;.

We prove this by induction on ¢ > 1. Keeping in mind that M, = {75}, we can easily
see that the case + = 1 is trivial. By induction, it suffices to show that both 7,,_;; and
T»,.1 can be expressed as linear combinations of elements in ;. Now, by (3-15), T5,_; j is a
linear combination of elements in M), and by induction, each term in My, _y, is a linear
combination of elements in N, _;. Next, by (3-14), Ty is a linear combination of elements
in Myq_y U {T%.}. By induction again, we conclude that T is a linear combination of
elements in V.

Let S’;,; denote the sum on the right-hand side of (1-9), namely, with s replaced by j + 1,

2m—2

Som = Z Oom—1, j+1 12,1+ (3-16)
-0

From the argument above, we can conclude that

m m—1
Som = E o, jj ;= E Qo j+11j42, j41s (3-17)
Jj=1 Jj=0

for certain rational numbers o, j41.
We substitute (3-14) into (3-17) and obtain

m—1 J .
Som = Za2m,j+l Z <i1) Tyni2
j=0

h=0

2m—2

m—1 .
= Z Toi01 ZOlZm,j+1 (6 J ) . (3-18)
£=0 =0 -J

Note that in (3-18) the binomial coefficient (e J j) vanishes when £ — j < Oand j < £ — j.
Comparing (3-18) and (3-16), we conclude that if o, ;1| can be chosen so as to satisfy the
relations

m—1 .
S et (g ! j> — o 0<E<2m—2, (319)
=0

then (3-17) holds with these o, j41.
Our next task is to invert the relations (3-19). Replacing j by r = £ — j in (3-19), we find

that
0 _
Z Oom, +1—r < - r) = Om—1,041- (3-:20)

0<r<e)2

If we set b, = oo nt1 and a, = 02,—1.n+1, then (3-20) becomes

{—r
Z < ’ >b5r=ag.
0<r<e/2
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Hence, by the inversion formula [10, p. 62, formula 5, table 2-3], we find that
_ al(e+h—1 L+h—1
b%_%;—n{( N (" ) paes 3-21)

Note that, by (1-7),

Crh—1\ (L+h—1\_L—h(t+h—1\
h h—1 )7 4 R )T

From (3-21), the formula above, and our auxiliary notation, we obtain the explicit
formula

Ao 41 = Z(_l)hcﬁfl,hO—mel,ther (3-22)
h>0

If we now return to Theorem 1-2 and then use (3-16), (3-17), (3-19) and (3-2), we see that
(3-:22) enables us to complete the proof of Theorem 1-3.

We conclude this section with one further observation. Let s tend to —2m, m > 1, in
(2-3). The limit of the left-hand side is R;(2m + 1). Since lim_, _,,, cos(rrs/2) = (—1)", it
follows, from the obvious analogue of (2-6) and (2-7), that

k k
¢ .
Soms1(k) = Bans (%) SOk — 0, 21 (3-23)
=1 r=1

However, we can show (3-23) directly. First, recalling that B,,,.; = 0, m > 1, and secondly
replacing » by k — r, we find that

k—1

k—1

2ir?/k E 2mirl/k

Souin = Y S By, (k) it
=1

r=1
k—1 k—1 ¢
2mir’/k —2mirl/k
= E e/ E Boyt1 <%) e 1,
r=1 (=1

Next replace £ by k — £ in the inner sum and use the property B,(1 — x) = (—1)"B,(x),
n = 2[7, p. 589, equation (24-4-3)], to conclude that

k1 k=1
2mir?/k ¢ 2mirl/k
Soms1 = Ze mir/ Z Boyti <1 - E) e = S
—1 =1

Hence, (3-23) follows.

4. Further representations in terms of cotangent function and its derivatives

Toward the end of Section 1, we mentioned that R, (2m) could be represented in terms
of certain cosecant sums (1-13). In this section, we shall provide another representation of
R (2m) in terms of the cotangent function and its derivatives.
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THEOREM 4-1. (i) Let k be a positive integer. Then
(_l)m+l (2]‘[)2"”

Ri(2m) = 2omyken B
" ! ar
_ 2mir?/k Cm-=1) (7 .
e 3 ek cot ( - ) 1)
r=1

(i1) Assume that k = 2a, where a is an even positive integer. Then

(_ 1)m+1 (27.[)2111

Roa(@m) = = 5 ot (14732 = 1)) By,
1
sa—1
2 E %y am—ny (7T
_ Tir-/a tln— <_>‘ 4.2
Qm — D)lam ;e c0 a “42)

Proof. Returning to (2-1) and singling out the term r = k, we find that

k—1

1 1 2nir2/k = 1
Re@m) = 5oc@m) + 0y ey P (4-3)
n=0

r=1

Note that the sum with index r is identical to the sum with index k — r. Thus,

R(2m) = k%;(zm) + Z 2R (1, ke 2m), (4-4)

2k2

where we put

U kizm) = Y : :
ks m)_z((nJrr/k)Zm+(n+(k—r)/k)2’")'

n=0
We observe that

oo 1
U(l",k,zm Z((n+r/k)2m+(_n—1+r/k)2m>

n=0

= 1
=2 G -

It therefore suffices to evaluate the bilateral sum in (4-5).
To evaluate U (r, k; 2m), recall the partial fraction decomposition

1 1
7 cot(mz —+ +
(r2) = b4 Z(z+n z—n)

n=1

Differentiating £ — 1 times above, we find that

= 1
rteot V(rz) = (=D - 1) 4.6
(rz) = (=D)"7( )ENHV (46)
for any positive integer £ > 2. Putting £ = 2m and z = r/k in (4-6), we deduce that
n.2m
U(r, k; 2m) = ———— cot® D (r/k). 4-7)

2m — 1!
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Putting (4-7) in (4-4) and using Euler’s formula for ¢(2m), we complete the proof of

4-1).
For (4-2), it is best to return to the definition (1-4). Since a is even, we can divide the sum

over n into residue classes modulo a to deduce that

a oo
. 1
Roa@m) =Y ™y~ ——
r=1 n=0 (an + r)
a—1

1 wir?/a =
=—§'(2m)+ . Ze / Z(n—i—r/a)z’"

n=0

r=1

Singling out the term for r = a/2 in the sum over r in the right-hand side above, noting that
the terms in the outer sum with indices r and a — r are identical since a is even, and using

the identity

. 1 _ —2m
;m =1-2"")¢2m),
we find that
ma/4
Ry, (2m) = —C(Zm) +—— (22'” —1)¢@2m)

| er i 1 1
- wir/a
+ T Z Z <(n + ,./a)Zm n+ (a— r)/a)Zm) . (4-8)

r=1 n=0
Note that the innermost sum in the right-hand side of (4-8) is U(r, a; 2m). Hence, using

Euler’s formula for ¢ (2m), we have
(_1)m+1(2n)2m )
R . 2 -7 7 wia/4 22m — 1B ”
2a(2m) 20m) (1+em%( )) Ba
a/2—1

+ o Z e”"z/“U(r, a;2m).

r=1

An application of (4-7) to the right-hand side above then completes the proof of (4-2)
If we take real and imaginary parts in (4-2), we deduce the formulas

-~ cos(rn/a) (=1 2m)™ (1 + cos <ﬂ4 ) @ — D) Ban

; nm  202m)!la*n
la—l
2m 2 2
= Z cos (%) cot@ =D (%) (4-9)

S am(2m — 1)

and
00 . P _1ym—1 2m
g sine/a) (e sin (22) @ = By,
8 2 (2m)la®m 4
Lo
2m 2 2
T gin [ Z72 ) cot@n-D (ﬂ) (4-10)
a2 (2m — 1)! — a a
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Hence, setting m = 1 in (4-9) and (4-10), we deduce that, respectively,

1
>, cos nnz/a) T 2cos(mra/4) , (TCT
; :@4—2— e Z os( )csc <7> “4-11)

and
2

I
Sa—1

= sin(7n*/a)  x? sin(na/4) 7?3 Tr

Z n? - 2a? _2 ; ( ) cse? (7) ) 4-12)

n=I

Recall that, at the end of the Introduction, we mentioned the formula (1-13) which
provides a way to evaluate the series R;(2m) in terms of cosecant functions. For example,
when m = 1 and k = 2a, where a is an even positive integer, formula (1-13) reads

win?/a 7T2 2 2a—

= € wir?/a (JT}") .
Z n? 24a2 842 Ze es¢ 2a (“4-13)

n=1 r=1

Comparing (4-13) with (4-11) and (4-12), we see that the range of summation over r on the
right-hand sides can be shortened in the case that a is even.

In Theorem 4-1, we find that R, (2m) is represented as a linear combination of the values
of higher derivatives of the cotangent function. We are therefore motivated to find a more
explicit representation for these derivatives. Comparing the expressions (1-13) and (4-1), we
are led to the explicit representation of cot®”~! x in terms of the cosecant function. Since it
is interesting in itself, we shall describe such a formula below.

PROPOSITION 4-2. Let oy, j be defined by (1-11) and (1-12). Then

cot® D 5 — (_1)m+1 Z(_l)j22(mfj)a2m esc x. (4-14)
=1
Proof. Since
cot' x = —csc’ x
and
(csc" x)" = —n*csc” x +n(n + 1) csc" P x, (4-15)

it is easily seen that cot®”~D x can be written as a linear combination of csc* x, 1 < j < m.
To that end, define p,,(j) by

cot®" Dy = Z () csc? x. (4-16)
j=1
For example, pi(1) = —1, ps(1) = 4, pa(2) = —6, ps(1) = —16, ps(2) = 120, and
p3(3) = —120. In particular, p,(1) = (=1)"4""! and p,(n) = —(2n — 1)!. We shall show
that

pn(j) = (=122 gy, (4-17)
Differentiating both sides of (4-16) twice and using (4-15), we find that

Pui1 G+ 1) =2j2j + Dpu(j) =40 + D?pu(j + 1. (4-18)
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Define p,,(0) = 0 and p,,(j) = 0 for j > m, and observe that p,,(j) is uniquely determined
by the initial condition p;(1) = —1 and (4-18). Therefore to establish (4-17), it is sufficient
to prove the following lemma.

LEMMA 4-3. Let ayy,, j be defined by (1-11) and (1-12). Then
Qoma, j+1 = 27 (2j + Do, j + (G + D0t j11. (4-19)

Proof. Using (3-8) twice, we find that
S(n,h)=8Sm—2,h—2)+ 2h — 1)S(n —2,h — 1) + h*S(n — 2, h) (4-20)

(see [10, p. 227]). Substituting (4-20) in the definition (3-22) of a,42, j4+1 and rearranging
the terms, we find that

om42, j+1
=ci 0+ DIG+HD*SCm—1,j+1)

+{cjci0(G + DIQj+ D) —cjmr1j 2} S@m — 1, j)
Jj=3

+ Y (DG =9 =i (G =) Q2j =25 — 1)
s=0

F it —1 =G —1=9}S@m—1,j —1—5)
+ (=1 {cjor, 223! — ¢jor, 12! 3)S@m — 1, 1)

+(=1)""e; 4 ;121 S@2m — 1,0). (4-21)

On the other hand, from the definition (3:22) of a,,, ;, the right-hand side of (4-19) can be
transformed into

2jQ2j + Doz, j + (j + 1)2a2m,j+]

=G+ D*G+DISCm—1,j+1)
j-2
+ Y (D2 2j 4+ Dejoas — G+ D7ejorsi}
s=0
X (j—s)NSCm—1,j —s). (4-22)

We shall show that the coefficients of S(2m — 1, s) in (4-21) and (4-22) are identical.

First, observe that on the right-hand side of (4-22), the terms S(2m—1, 0) and S2m—1, 1)
are absent. On the right-hand side of (4-21), S(2m — 1,0) appears, but we recall that
S@2m — 1,0) = 0. Second, using the definition (1-7), we find that the coefficient of
S(2m — 1, 1) on the right-hand side of (4-21) equals 0. Since c;_; o = 1, the coefficients of
S2m—1, j4+1)in (4-21) and (4-22) are also the same. Furthermore, both of the coefficients
of S2m — 1, j) reduce to

U= 4372 +3j+ D).
Therefore it remains to show that
G+H1=90 —5)cjo1s— (G —)Q2j =25 = Dejopm + (G — 1= 9)°¢jo1502
=272+ Dcjmasii + G+ DPcjmi 2 (4-23)
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for 0 < s < j — 3. Substituting the easily proved identity ¢;_» (41 = Cj_1,4+1 — Cj_1,5 INtO
the first term on the right-hand side of (4-23) and dividing both sides by c¢;_; ;+1, we find
that (4-23) reduces to

((+1=5)( =) —2j@2) + D)1

Cj—1,5+1
(G = 1=9)7 = ( + 1) 2
Cj—1,5+1
=G —-5Qj—-2s—1)=2j2j+1). (4-24)
Now, by (1-7),
cin _ G=h+DG+h)
Cjh—1 (J—h+2)h
Thus, the left-hand side of (4-24) can be written in the form
. . m (J—96+1
G+1=—5){—5)—-2j2j+1))— -
(« ’ Sy Ty
. (j —-2)(+s+1
+((—1-9? =G+ 1)L

(J—s—D(s+2)
=2/~ (3+4s)j+2s>+s
=0(-9)2j-2s—-1)—-2j2j+ 1),

which establishes (4-24). Hence, the identity (4-23) has been proved for 0 < s < j — 3, and
so the proof of (4-19) is complete.

With this lemma, we also complete the proof of Proposition 4-2.

5. Evaluations using the theory of periodic zeta functions

We now offer another approach to (1-1), (1-2), and their generalizations through the theory
of periodic zeta functions developed in [5]. For the sake of completeness, we review the
necessary terminology from [5].

First, write

i cos(nnz/a) Z sin(rn?/a)

R2a (r =
nr

=:8a(r) +iT,(r), (-1
n=1 n=1

where r and a are even positive integers. In order to effect these evaluations, we need to

introduce periodic Bernoulli numbers.

DEFINITION 5-1. Let 2 = {a,}, —00 < n < 00, denote a sequence of numbers with
period k. Then the periodic Bernoulli numbers B, (), n > 0, can be defined by [5, p. 55,
proposition 9-1], for |z| < 27 /k,

Z Zn —0 an i Bn (91)
k-1 ~ n!

Furthermore [S, p. 56, equation (9-5)], for each positive integer n,

k—1 .
B, =k > a_;B, (%) , 5-2)

j=0
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where B, (x),n > 0, denotes the nth Bernoulli polynomial. We say that 2 is evenifa, = a_,
for every integer n. The complementary sequence B = {b,}, —00 < n < 00, is defined by

5, p. 32]

k—1
1 —2mijn

It is easily checked that if 2 is even, then B is even, and that (5-3) holds if and only if

k—1

a, = ijez”ij”/k, —00 < n < 00. (5-4)
j=0
Now set
o
ay
C(s;A) = —, Res > 1.
nX

n=l1
If 2 and r are even and if » > 2, then [5, p. 49, equation (6-25)]

(—1*1B,@) (@)

£ B) = 271 k

From (5-3) and (5-4), we see that the sequences 2 and 8 are not symmetric. Thus, we note
from above that, since 2 is even,

_1\r+! s\ T
() = (=) *'B, (B)k <27n) ‘ (5-5)

2r! ko

k

We are now ready to state general evaluations in closed form for S, (r) and 7,(r).

THEOREM 5-1. If S,(r) and T,(r) are defined by (5-1) and if r and a are even positive

integers, then

(=1)Hr/2pr=1gr a-1 m\ . (mm?® 7«
S0 = La(F) (TG 56
and
(_1)1+r/22r—17.[r a-1 m ]Tm2 T
Ta(}’) = T n; B, <z) COoS T + Z . (57)

In our work below, we need the value of the Gauss sum [4, p. 43, exercise 5; p. 15,
corollary 1-2.3]

c—1

Zeninz/c — e”i/4\/z, (58)

n=0

where c is an even positive integer.
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Before proceeding further, we show that (1-1) and (1-2) are special cases of (5-6) and
(5-7), respectively. Let r = 2 in Theorem 5-1, and recall that B,(x) = x> — x + 1/6. Then

22 am? w
Sa(2) = —= {<—> ——+6}sm<—+z)

a

upon the use of (5-8) twice.
The proof of (1-2) follows along the same lines, but note that in this case, by (5-8),

! am? x
Zcos —4+ =) =0.
a 4

m=0

Proof of Theorem 5-1. Let
a, =cos| — ), —00 < n < o0,
a

which is an even periodic sequence with period a, since a is even. Then, from (5-3) and
(5-8),

1 a—1 T %)
b—m — _ cos _] eZnijm/a
a a

—1 a—1
1 e o, 1 . o,
_ —mwim~/a wi(j+m)~/a wim”/a —mi(j+m)~/a
= —e E e + —e E e
2a — 2a —

a—1 a—1

1 ) ) 1 ) )
— __pim Ja Zem/ Ja 4 __pTim Ja Zefmj Ja
2a = 2a =

— %efm‘mz/avwriﬂ\/a + %em’mz/afni/4«/a

1 mm?* w
T Va” <7 - Z)
1 . (mm?® 7
= ﬁ sin (T + Z) .
Therefore, by (5-2), with B in place of %,

a—1 2
St (T T p |
B,(B) = a m§=0:sm( ; +4>B,,(a>. (5.9

If we substitute (5-9) into (5-5) and simplify, we deduce (5-6).
The proof of (5-7) is analogous to that for (5-6). In this case we set

- (7n?
a, =sin [ — ), —00 < n < 00,
a
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which of course is even, and repeat the same kind of argument that we gave
above.

In conclusion, our attempts to establish Ramanujan’s original evaluations (1-1) and (1-2)
and their generalizations in Theorems 1-1, 1-2, 1.3, 4-1 and 5-1 have given us various rep-
resentations for these sums in terms of ballot numbers, Stirling numbers of the second kind,
Bernoulli numbers and polynomials, and trigonometric functions. Equating different evalu-
ations provide identities that would be surprising if we had not known of their origins. For
example, let us return to the case R,,(2). Combining (1-1) and (1-2) with (4-11) and (4-12)
or (4-9) and (4-10) with m = 1, respectively, we deduce the identities

7% m?cos(mwa/4) L (7]
@_'_T —Zcos( )csc (7)

72 n? r r 7r?
-y (1= D (G )

and

Note that on the left-hand sides above, the sums contain only trigonometric functions, while
on the right-hand sides the sums contain both polynomials and trigonometric functions.
Trigonometric identities involving polynomials in the summands appear to be rare. The sums
on both sides of the identities may be regarded as new analogues of Gauss sums.

We record a few examples to illustrate our evaluations, namely,

7 72 72 72 723

S$Q2) = —, S4(2 - — , Se(2) = —— ,
2(2) 7 4(2) = 48+ T 6(2) 72+ s
2 2«/_ 72 73
2) = —, = s Ts(2) = — .
2(2) A T,(2) = 6(2) 24+ =

Lastly, we remark that (1-1) and (1-2) are discussed in [2], but considerably less thor-
oughly than in this paper. Related results are also examined in [2].

The authors are pleased to thank S. H. Chan, P. C. Toh and the referee for helpful sugges-
tions and corrections.
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