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1. Introduction

Around January 2011, Z.-W. Sun announced that he had discovered a new type of series for 1/m. Subsequently, he
produced over 170 new series for 1/7. Among Sun’s long list of series, there are series that involve T, (b, c) where

Ta(b, ¢) = Z <2nk> (zkk) pi—2kck

k=0
Zudilin observed that
b
Tn(b» C) = (b2 - 4C)n/2Pn (7) )
b? — 4c

where the Legendre polynomial P, () is given by

NUICHICYN
= \m 2 2
With this important observation, Zudilin established a one to one correspondence between series for 1/7 involving
T, (b, c) and series for 1/ involving P, (x). For example, Sun’s series

>, 15n — 4 13543
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is equivalent to
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Together with Chan and J. Wan, Zudilin [1] proved Sun’s series involving T, (b, ¢) using Brafman’s identity (see [2, (12)],
withe = 8 =0)

i (@)n(1— a)"P (u+ v —2uv
v

12 - )(U—U)HZZFl(G,l—G; 1;u) - oF1(a, 1 —a; 1; v), (1.1)
n=0 n

where

o L(b), Z¥

n=0

with
(@) = 1 ifk =0,
De=Y@@a+1)---(a+k—1) ifk>1.

Besides series for 1/7 associated with T, (b, c), Sun discovered series associated with T, (b, ¢) and Ts,(b, c). Examples
of these series, written in terms of P,,(x) and P3,(x), are

o0 (%)i 17\ (217 —88v6\  3(4+ 6)
2y (5= V6-+201) <E) B

s 25 27

and

iw‘(l+9n)P3n< 4 )( 1 )3”=m.

2 (1 10/ \3v10 V2

The proofs of these series were given by Wan and Zudilin [3] using the following elegant generalization of (1.1).

Theorem 1.1. Let a, b, ¢ be integers. Let u_; = 0, ug = 1 and define u, for n > 2 by the relation

(n+ 1)2un+1 = (an* + an + byu, — cnu,_q. (1.2)
Then there is a neighborhood of X = Y = 0 such that

GX)G(Y) =H(X,Y), (1.3)
where

o0
C2Z) =) uZ"
n=0

1 00 n n 2 UL m KV n—m
wen =33 (n) () (%)

U=X, V=1-—aX+cX>? L=1-—aY +cY?, K=Y and W =1—cXY.

and

with

Unfortunately, many computational details of the proof of Theorem 1.1 were omitted in [3]. In Section 2, we will present
a new proof of Theorem 1.1. The complete details are given with the hope that this method of proof can be used in future to
establish identities similar to (1.3).

2. Proof of Theorem 1.1

Proof. Let ¥y be the operator
o =X 9
T ox

and following [3], define

U = 3 (9% = X (a0 +avx + ) + 0 (95 +17)
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Note that
Ux (GX)G(Y)) = G(Y)¥ (GX)) =0

since u, satisfies (1.2).
We will verify that

Yy (HX,Y)) =0.
Applying ¥y to H(X, Y), we find that

00 n 2 Um—lvnfmfleanm
U HOX,Y) =ty Y (,’},) E(X,Y)
n=0

Ww2n+3
m=0

where
EX,Y) = c*XPm?Y? + (Y + 4mcnyY + 2¢3nY — 2¢3m?Y — 2mc3nay?

—c3nay? + 2¢3myY — b3 YHX® + (nc?Y?a® — 2m?c3Y? — 2mc?va
+4nc®Y? + 4c?n + 3Y? — 6¢tnaY — 3c?Ya + 4mnc®Y? + 2bc’Y
+4n*c? — 4n’c®Ya + ¢ — 2c2m + *m? — 2mc®Y? 4 bc?Y?a — 4mc®n
+n?c?Y?2a®)X* + 2mnac®Y? + 2¢%Y — 4n*c?Y?a — be?Y? + 2mena
— 2bcYa + 4nc®Y + 2amc — 8mnc?Y + 2cYa® + 2mc?Y?a + 8n’c’Y
— bc — c®Y%a + 4ncYa® — 5cna — ac + 4m*c®Y + 4mc?Y — 4n*ac
+2n2a*cY — 5nac’Y»)x3 + (c®Y? + 4nc — 2m?c — 3cYa + na?
—2mc + 2bcY — 6nacY — 2mc?Y? — 2mcYa — 4n’acY + 4n®c?y?
—4mc®Y?n 4+ m?*c?Y? + n®a® + ba + ¢ + 4mnc + 4c*Y?n)X?
+ (2mcY — 2m*cY + cY — 2mna 4 4mcYn + 2cYn — na — b)X + m?.

It turns out that one can express & (X, Y) as
£(X,Y) = (a(n — m)*UV + (a® — 4c)(n — m)*U* + m*V? + am’UV) W?
+cn+ 1)2n+1—2mUVL + c(2n + 1)(2m + 1)UKV> — (an® + an + b)UVW?.

Let

o X, Y) = (a(n — m)*UV + (@ — 4c)(n — m)°U? + m*V? + am’UV) W?,

HX,Y)=c@n+1D@2n+1—2mUVL+ c(2n + 1)(2m + 1)UKV?
and

{3 (X, Y) = —(an® + an + b)UVW?2.

Using the simple identities

2 2 2 2
o () <o (1) o () 0 ()
m m m m—1

we conclude that

00 n 2 m—1yn—m—1ympn—m
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Since
UL — VK

bl

U—-K =
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we conclude that

00 n 2 m—1lyn—m—1ympn—m
n umv L™K
Sud (n) aoen T
n=0 m=0
o my/n—mymijrn—m
B 2 n\ UV
N o] )
n=| m=

© n UL — VK \? ymyn—mmjn—m
+c§ (n+ 1)%uppq ( ) < ) AT ) (2.1)
n=0 0

m=

Note that

ym-1yn-m—1ymgn—m 00 " n n 2Umvn—mLmKn—m
3 () o T S an w3 (1)

n=0 = n=0 m=0

Hence, we can now write

o n n ymyn-—mpmn—m
Uy (HX,Y)) = Z ((n + 1)%unyq — (@n® + an + byu, + cn’u,_) <m> g 6 (2.2)
n=0 m=0

UL — VK \ % ymyn—mpmgn—m
¢ =3 vun Y (1) (H52)
n Umflvnfmfleanm
i z z (m) on Y

where

00 n+1 2 my/n—mymyrn—m
Z Z n+1 umyrempmg
n=0 m=0

We observe that the last term of & is inserted so that we can have the term

00 n 2 rymyn—mymjpn—m
X n\> UmyrmmK

Z - ln—1 Z <m> wan+1

n=0 m=0

in (2.2).
Note that since

0 , , 5 n n ymyn—mpmjpn—m
Z ((n + 1?upyq — (an® + an + b)u, + cn un_l) m) —wEm = 0,
n=0 =0

to show that ¥x (H(X, Y)) = 0, it suffices to show that & = 0.
We now observe that the term

oo n 2 myn—mjymijpn—m
5 n , umynmpmg
n;(m 1) umr; (m> U s

which arises from the first term of & in (2.3), can be written (after replacingn by n — 1 and m by m — 2) as

n+1 2 my/n—mjymijrn—m
-1 umv L™K
Zn 5> (m ) e

In fact, each term in & can be expressed in the form

00 n+1 ymyn—mpmpgn—m
> ug Y B(m, MVK = —
n=0 m=0

and the final expression for & is

00 n+1 ymyn—mpmgn—m
D up Y R, mVK——————
=0 m=0

Ww2n+3
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where

R(n m)—(n_1>2n2+<n_1>2n2—2<n_1)2n2+< n )(2n—|—1)(2n—2m+3)
’ “\m-2 m m—1 m—1

2 2
n n+1 5
+ (m) (2n+1)(2m+1)—( m ) (n+1)°.
But it is easy to verify that R(n, m) = 0 and hence & = 0.
To complete the proof of Theorem 1.1, we follow the method of Wan and Zudilin [3]. Let
dX,Y) = GX)G(Y) —HX, Y).
From our computations, we conclude that
(W + ¥y) (p(X,Y)) = 0.
Furthermore,
$(X,0) = GX) —HX, 0) = G(X) — GX) =0.
Hence, if we write
o0 o0 o
X, Y) ="y X'V,
i=0 j=0
then we conclude that
U,',() =0
for all integers i > 0. Since the argument is symmetric in X and Y, we have
Uo.j =0

for all integersj > 0.
Applying Wy + Wy to the series expansion of ¢ (X, Y), we find that

o] e8]
> Z((i + 1)2vis1) — (ai® + ai + b) v + ci®vi_y

i=0 j=0
+ G+ D?vij1 — (@ +aj + b) vij + cjzvi,,-_l)x"w' =0. (2.4)

We first show that v; ; = O for all integersi > 0.Letj = 0.Ifi = 0, then by our previous discussion, we conclude that
vo,1 = 0.1fi > 0, then from (2.4), we conclude that v; ; = 0. Hence we find that v; ; = 0 for all integersi > 0.

We now suppose that v;j = 0 for all integersi > 0 and 0 < j < k. We want to show that v; y+1 = 0 for all integersi > 0.
When i = 0, we clearly have vg y+1 = 0.1Ifi > 0, then by (2.4), we find immediately that v; ;41 = 0. This completes the
proof of Theorem 1.1. O

Remark 2.1. 1. The case ¢ = 0 yields a new proof of Brafman’s identity (1.1).
2. If we set UL = VK, we find that X = Y and this yields Clausen type identities

s 1 S X(1—aX+cX)\"
G(X)_l—dz;(")””( (1— oy )

Several identities of this type for ¢ # 0 were first discovered by Chan et al. [4].
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