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ABSTRACT. Let k and n be positive integers. Let c¢dy(n) denote the number
of k-colored generalized Frobenius partitions of n and let C®y(q) be the gen-
erating function of c¢g(n). In this article, we study C®y(q) using the theory
of modular forms and discover new surprising properties of C®(q).

1. INTRODUCTION

A partition 7 of an integer n is a sequence of non-increasing positive integers
which add up to n. We denote the number of partitions of n by p(n). It is known
that a partition 7 of n can be visualized using a Ferrers diagram by representing
the positive integer m of the s-th part by m dots on the s-th row. An example
showing the pictorial representation of the partition 4 + 4 4 4 + 2 of the integer 14
is given in Figure [

FIGURE 1

From the Ferrers diagram of a partition, we can construct a 2 by d matrix by
carrying out the following steps:

Step 1. Remove all the dots lying on the diagonal of the diagram.
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Step 2. Fill the first row of the matrix with entries 7 j, where ry ; is the number
of dots on the j-th row that are to the right of the diagonal.

Step 3. Fill the second row of the matrix with entries r2 ;, where 7y ; is the number
of dots on the j-th column that are below the diagonal.

For example, after Step 1, we obtained Figure[2from Figure[ll Carrying out Steps 2

[ ] [ ] [ ]
[} [ ] [ ]
[} [ ] [ ]
[} [ ]
FIGURE 2

and 3, we arrive at the matrix

3 21
3 2 0)°

It is clear that we can always construct a 2 by d matrix from any partition 7 with
d dots along the diagonal of its Ferrers diagram, and the matrix obtained from a
partition 7 using the above procedures is called a Frobenius symbol for the partition
. A Frobenius symbol, by construction, has strictly decreasing entries on each row.

One way to find new functions that are similar to the partition function p(n) is
to start with a modified version of the Frobenius symbol. In his 1984 AMS Memoir,
G.E. Andrews [2], Section 4] introduced a generalized Frobenius symbol with at most
k repetitions for each integer by relaxing the “strictly decreasing” property and
allowing at most k-repetitions of each positive integer in each row. Andrews then
used the generalized Frobenius symbol to define the generalized Frobenius partition
of n. For a generalized Frobenius symbol with entries r; ;,7i = 1,2,1 < j < d, the
generalized Frobenius partition of n is given by

d
n=d+ Z(rl’j + TQJ‘).

Jj=1

Andrews used the symbol ¢ (n) to denote the number of such partitions of n. As an
example, we observe that ¢2(3) = 5 and these are given by the following generalized
Frobenius symbols with at most 2 repetitions on each row:

2 0 1 10 00
0/’ 2/ 1)’ 0 0)’ 1 0/°
Note that with this definition,
¢1(n) = p(n).

There are at most k-repetitions in each row of a generalized Frobenius symbol. In
order to restore the “strictly decreasing” property of a Frobenius symbol from a
generalized Frobenius symbol, Andrews colored the repeated parts using “colors”
denoted by 1,2,...,k and imposed an ordering on these parts as follows:

(1.1) 0p <02 <+ <0k <13 <1g<+-+ <1 <27 <29 <+ <2 <+
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k-COLORED GENERALIZED FROBENIUS PARTITIONS 2161

Here, we use “<” to differentiate the inequality from the usual inequality “<”.
Andrews referred to a symbol obtained using k-colors in this way as a k-colored
generalized Frobenius symbol.

Given a k-colored generalized Frobenius symbol with entries

ri; € {{c|¢ and c are non-negative integers with 1 < ¢ <k}

and
Tij+1 = Tij i=1,2 and 1<j<d-1.

Andrews associated a k-colored generalized Frobenius partition of n to a k-colored
generalized Frobenius symbol (7; j)2xa by setting

d
= E:rlj"‘r?a

where only the non-negative integer ¢ is added if 7; ; = £.. He used the symbol
cdr(n) to denote the number of such partitions of n. Observe that when k = 1,
the 1-colored generalized Frobenius symbols coincide with the Frobenius symbols
and cé1(n) = p(n). To help the reader understand k-colored generalized Frobenius
symbols, we list the following 2-colored generalized Frobenius symbols which give
rise to 2-colored generalized Frobenius partitions of 2:

12 () B R G B
8 B G I (S B G B 5 B

Note that there are altogether nine 2-colored generalized Frobenius partitions of 2
and hence

C¢2 (2) =
The best way to study a new function such as the k-colored generalized Frobenius
partition function egy(n) is to study its generating function

oo

Coi(q) = 3 con(n)g”

n=0

In [2, Theorem 5.2], Andrews showed that

1
1.3 Cd, q) = qQ(ml,...,mk_l)’
) @ (¢;9)4 Z
my, Mrp_1€Z

where

k—1
(14) Q(ml,m27...7mk_1) = mz2_|_ Z mim;

i=1 1<i<j<k—1
and

(@:0)oo = [J (1 —ag™"), lal<1.
j=1
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Using (L3]), Andrews [2], Corollary 5.2] discovered alternative expressions for C®(q)
when k£ = 2,3, and 5. To describe Andrews’ identities, let ¢ = e>™" throughout
this paper, so

O3(q) = 3(012) = S ¢ and ©y(q) = 9x(0)27) = Z gi+1/2)?

j=—0o0 j=—00
where

192(u|7) _ Z eﬂ-ir(j+1/2)26(2j+1)iu

j=—00
and
U|T Z eﬂ'ZTj 62]1u
j=—00

Andrews showed that

(4% 4") o
(15) () (4:6%)5 (4% ¢*) oo

1
(1.6) C®3(q) = @ q)? (03(9)O3(¢%) + ©2(9)O2(¢%))
.7 (q;q‘?;o Z 1—qj
and

1 S AWLE
1.8 Co =——[1+25 -5 = -
(18) 5 (4 9)3% - Z( ) 1—qj) Z<5)1—q3 ’

j=1

where <Z> is the Kronecker symbol. For ([[L§]), we have recorded the equivalent

version of Andrews’ identity found in the work of L.W. Kolitsch [23] Lemma 1].
Andrews [2, pp. 13-15] used Jacobi triple product identity (see for example [2
(3.1)]) and properties of theta series to prove (I3 and (L@). The proofs of (1) and
([CR) [2, pp. 26-27] are dependent on the work of H.D. Kloosterman [20, pp. 362,
358]. In a paragraph before the proofs of (L7) and (L), Andrews [2| p. 26]
mentioned that similar identity exists for & = 7, but this identity was not given in
[2]. This missing identity, namely,

1 M3~ () P +d¥ T~ (i) Jd
1.9)  Cdqr(q) = —— [ 1+ 22 JyL+a- L
Lo Gt =g |1 s Z(?) —or s2\7) 1)
was later published by Kolitsch [23] Lemma 2].
Recently, N.D. Baruah and B.K. Sarmah [6}[7] used the method illustrated in
Z. Cao’s work [11] and found representations of C®(q) for k = 4,5, and 6. They
showed that

(1.10) C4(q) = (©3(¢*) + 303(¢*)03(¢?)),

(3 9)%
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Cs0) = o (©ula™)3() + 304(4")Ou(¢*)O3(¢") + 5Oa(a” 04" )
(1.11) +302(¢")02(47)03(q) + ©:(¢"")O3(?) ).
and
CP(0) == (B08a(10s(a") + 103(a"/2)02(0)0n(a"")
(1.12) + @3(q)®2(q2)@2(q6))-

Identities (LI0) and (TIT)) can be found in [6, (2.2)] and [0, (2.13)] respectively,
while (LI2) can be found in [7, (2.1)].

For k > 7, it is not clear if new identities associated with C®(q) could be de-
rived using the methods of Andrews and Baruah-Sarmah. In fact, Andrews [2] p. 15]
commented that as k increases, “the expressions quickly become long and messy”.
The main goal of this paper is to discuss ways of finding new representations of
C®(q). Using the theory of modular forms, we will derive all the identities men-
tioned above. In addition to providing new proofs to known identities, we will also
construct new representations for C®y(q) for the first time for 8 < k < 17. In
Section 2, we discuss the behavior of C®(q) as the modular form for each integer
k > 2. In Section 3, we derive alternative representations of C®(q) for primes
k =3,5,7,11,13, and 17 and prove Kolitsch’s identities [23] p. 223]

(1.13) cps(n) = p(n/5) + 5p(bn — 1)

and

(1.14) cpz(n) = p(n/7) + Tp(Tn — 2).

We also discover and prove the identities

(1.15) cp11(n) = p(n/11) + 11p(11ln — 5)

and

(1.16) epr13(n) = p(n/13) + 13p(13n — 7) + 26a(n),

where p(x) = 0 when z is not an integer and

_ 4135 e

qH (11761]) = a()d.

o =) =
It turns out that (I3 is equivalent to Kolitsch’s identity for an 11-colored general-
ized Frobenius partition with order 11 [26] Theorem 3], which was first established
using the results of F.G. Garvan, D. Kim, and D. Stanton [16]. Identity (LI6), on
the other hand, is new. The proof of (ILTI6) motivates the discovery of a uniform
method of treating identities such as (L.I6). We discuss this method in Section 4
and derive analogues of ([I6]) for £ = 17,19, and 23. This method also leads to
the discovery of interesting modular functions that satisfy mysterious congruences.
For example, if

he(T)= (" ¢") s CPs(q)—1—L(q"; ¢") Z (e

-1 _ople— 11)/277 H(er)
n@ 11( )’

Licensed to National University of Singapore. Prepared on Wed Jan 15 01:45:52 EST 2020 for download from IP 137.132.123.69.
License or copyright restrictions may apply to redistribution; see https://www.ams.org/journal-terms-of-use



2164 HENG HUAT CHAN, LIUQUAN WANG, AND YIFAN YANG

where 7(7) is the Dedekind eta function given by

then for ¢ = 17,19, and 23,

where

24

In Section 5, we discuss the cases for £ = 9 and 15, the two composite odd integers
less than 17. We derive the following congruence satisfied by c¢x(n):

(1.17) cppan(n) = chpa—in(n/p) (mod p**),

where c¢p(m) = 0 if m is not an integer, p is a prime, and N and « are positive
integers with (N,p) = 1. The discovery of congruence (ILI7) is motivated by con-
gruences found in the study of C®1¢(q) and CP14(g) in Section 6, where identities
associated with k£ = 4,6,8,10,12, and 16 are given. More precisely, we discovered
that

2 _
V4—£2—£p<€n—€ 1).

©3(q")
(473 47) o
which holds for any odd prime p. The second equality follows from Andrews’ iden-
tity for C®5(q) (see also (31])). Congruence (I8 can be viewed as an extension
of Andrews’ congruence [2, Corollary 10.2]

(1.18) Cop(q) = = C®(¢") (mod p?),

(1.19) Co,(q) (mod p?)

(47 ¢7) oo
if we rewrite (LI9) as
(1.20) C®,(q) = CP1(¢?) (mod p?)
using the fact that
cg1(n) = p(n).
The discovery of ([LI8]) leads to the congruence
(1.21) C®y,(q) = CO4(gP) (mod p?),
which holds for any distinct primes ¢ and p. Congruence (LZI]) eventually leads to

CI2).

There may be more surprising properties to be discovered for c¢x(n), and we
hope that this article will be helpful to future researchers who are interested in
knowing more about these functions.

2. MODULAR PROPERTIES OF C®(q)

In this section, we determine the modular properties of the function
Ak(q) := (q;q)lgoc(pk(q) — Z gRUm M=) s
mi,...,Mmk_1€Z

Let x be a Dirichlet character and let My (I'o(N), x) be the space of modular forms
on I'g(V) with weight & and multiplier y. When y is the trivial Dirichlet character,
we write My (To(N)) for My (To(N), x)-
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Let
2 1 1 1
(2.1) R !
1 1 1 2
nxn
Then det(A4,,) =n+1 and
n 1 1 1
n+1 n+1 n+1 n+1
1 n 1 1
(2.2) Al — n+1 n+1 n+1 n+1
1 1 1 n
n+1 n+1 n+1 n+1

Let n be a positive even integer and let

(= ((—1)”/2.det<An>> _ ((—1>n/3<n+ 1)) |

X

Since all the diagonal components of A,, and (n +1)A; ! are even, we deduce from

[30, Corollary 4.9.5(3)] that if

H(T;An): Z eﬂ'i‘r-mtAnm: Z q%mtAnm: Z qQ(m1 ..... m,,,)’

meZn meZn meZn
then
(23) 9(7‘; An) = Z qQ(mh.u,Tl’Ln) = Q[nJrl c Mn/2 (Fo(n + 1)7x)
mezn

Next, let n > 1 be an odd positive integer and let

(A, O
me(B0).
Then det B,, = 2(n + 1). We have

G(T;Bn) — Z e‘n’irmtBnm — Z q%mtAnm Z qmiJrl

meZnt1 meznr Mp1€Z
— Z qQ(mlv--wmn) Z qmgw,+1
mezZn My 1€Z
= An+1(9)O3(q).
Note that
A0
B - (45 9).
Let

= (S )

<2(—1)("+1.)/2(n + 1)> .
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Since all the diagonal components of B,, and 2(n+1)B,, ! are even, we deduce from
[30, Corollary 4.9.5(3)] that

(2.4) 0(7; Bn) = Ant1(9)O3(q) € Mni1y2(To(2(n+ 1)), x).

Similarly, let
(A, O
C, = ( 0 4) .

Then det C,, = 4(n + 1). Note that

_ A0
oo (4 9)
v 0 i
Let
(n+1)/2 det (n+1 /2 n_,r_ 1
o= () = ()
Since all the diagonal components of C,, and 4(n + 1)C,; ! are even, we find from
[30, Corollary 4.9.5(3)] that
(2.5) 0(7;Cr) = An41(9)O3(¢%) € M(ni1y/2(To(4(n + 1)), x).

From ([2.3), 24), and ([2Z.5]), we deduce the following theorem.
Theorem 2.1. If k =2r + 1 is odd, then

2la) € Mooy 2 (Tolh). (H25)).
If k = 2r is even, then
Os(0mu(0) € s (Fu(20). (1)

and

03(a)2u(0) € My (Fofah). (1)),

3. GENERATING FUNCTION OF c¢y(n) WHEN k IS A PRIME

In this section, we will derive expressions for C®(q) when k is a prime number
less than 18.

3.1. Case k= 2.
Our proof for k = 2 is exactly the same as that of Andrews’ proof of (LH), and
we include it for the sake of completeness. From ([3)), we find that

©3(q)
3.1 Cds(q) = .
) 0= G
Using Jacobi triple product identity (see [2, (3.1)]), we deduce that
(32) 03(q) = (—4:¢%)% (4% %)

Substituting B2)) into BI]) and simplifying, we complete the proof of ().
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3.2. Case k = 3.

From Theorem [Z] we deduce that 2A3(q) is a modular form of weight 1 on
I'y(3) with multiplier (;3) Comparing the coefficients of 23(g) with the known
Eisenstein series of weight 1 [15, Theorem 4.8.1] on I'g(3) with multiplier (=2), we

deduce that

As(q) = Z g™ Frmntn® —1+6Z< )1_qj

m,n=—0o0

This is equivalent to (I7). Another proof of (L7 can also be found, for example,
in the article by J.M. Borwein, P.B. Borwein, and F.G. Garvan [10, p. 43].

We next show that (L) follows from a general identity. Let w = (14 v/—d)/2,
with d = 3 (mod 4). Observe that the set

S ={m+nwm,n € Z}
is a disjoint union of

So = {m +nwjm,n € Z,n =0 (mod 2)}

and
S1 ={m+nwm,n € Z,n=1 (mod 2)}.
Let
d+1
N(m 4 nw) = m? + mn + <%> n?.

Then

ZQN(U) — Z N 4+ Z gV,

veS vES) vES]
Simplifying the above, we deduce that

m mn 4+l n

(3:3) >0 g Y = 04()0s(q") + ©2(9)O2(g").

m,n€Z

Identity (6] follows from [B3]) with d = 3.

3.3. Case k = 5.
We first establish three representations of C®5(q).

Theorem 3.1. The following identities hold:

oo omo- i (=50 ) 2%

_ 1 (0% 4°)3%
(3:5) (6% ¢%) 25 (¢;9)%,
1 =
(3.6) = @) + 5;p(5j - 1)

Proof. From Theorem 2.1 we deduce that

As(g) € My (r0(5), <§>> .
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am ot (10, (2)) =2

we deduce that the two modular forms

(3.7) Es, = i i (g) mq™? =

m=1d=1

Since [31, Theorem 1.34]

and

Eso=1-5 (—)dmd -5 (>
’ Tnz=:ld§::1 5 ! j=1
which are in M (T'g(5), (2)) (see [I5, Section 4.6]), form a basis for this space
of modular forms. By comparing Fourier coefficients of 25(q), E5,1, and Es5 2, we
deduce that
2As(q) = 25F51 + E5 9,

and the proof of (B4 is complete.

Before we begin with our proof of ([B.A]), we observe that if p > 3, then by
Theorem 2]

C®,(9)(¢";4")oo

is a modular function on I'y(p). This implies that the function can be expressed in
terms of combinations of infinite products. For more details, see for example the
paper by H.H. Chan, H. Hahn, R.P. Lewis, and S.L. Tan [12]. In [2| Corollary 10.2],
Andrews showed that if p is a prime, then

CPy(q) = +p°Gp(q)

1
(47:¢P)oo
for some G)p(g) analytic inside |g| < 1 with integral power series coefficients. He
then asked [2, Problem 6] for explicit closed forms for G(g). Since

G0 (@3 )0 = pi (C2 (@) (¢ P)oe — 1),

we conclude that G,(g¢) is a modular function on I'y(p) for p > 3. This provides an
answer to Andrews’ question. The above discussion also gives us a way to derive
alternative expressions for C®,(g) whenever the functions invariant under I'o(p)
can be expressed as a rational function of a single modular function. This happens
for p = 5,7, and 13. We now use this fact to derive an expression for C®5(q).
It is known from T. Kondo’s work [28] that every modular function on T'y(5) is a
rational function of n°(57)/n®(7), where

_ 7rz‘r/12 H 271'1]7'

Since C®5(q)(¢°; ¢°) oo is @ modular function on T'g(5), we deduce that
1°(57)

C5(g) (g% ¢%)oe = 1+ 25 )

This completes the proof of ([B3]).
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Using the fact that
1 o0
—— =) p(i)d
CHARS ;

and Ramanujan’s identity |9, Theorem 2.3.4],

© ) (q5. q5)5
(3.8) > p(5j — )¢’ = 5g———=,
= CHES
we deduce B8] from B3). O

Remark 3.1. Identity [B4]) is Andrews’ (L), which was first proved using results
found in Kloosterman’s work [20]. Identity (B.6) immediately implies (LI3). We
emphasize here that our proof of (ILI3)) is different from Kolitsch’s proof as we have

used (B35 instead of (LH]).

As shown in ([LTTI), there is a fourth representation of C®5(q) due to Baruah
and Sarmah. This identity can be proved by realizing that

As(q) € Mo <r0(40), <§>) ,

together with the fact that the space My (F0(4O), (5)) is spanned by the modular
forms

93(9)03(¢%), 03(¢)0s(¢”), 03(¢*)03(¢'), ©3(¢*)O3(¢"),
05(¢)03(¢")03(¢%),  ©3(¢*)O05(¢'*)03(¢%), ©3(¢"/?)0:2(¢"/?),
03(9)02(¢*)02(¢""), ©3(¢*)O2(¢"%), and ©3(¢°)O2(¢*)O2(¢").

3.4. Case k=1.

Theorem 3.2. The following identities are true:

1 TSN (k) k2¢F 343 X (kN ¢F + ¢
39) Co;(g)=—=(1-= = < 7) (1= qgk)3

1 (q"54")3 5 (a7 4"
3.10 = 1 49g2 70 4 343,239 0T Joo
(3.10) (@754 (q;9)% (¢ 9)%
1 s .
(3.11) =+ 7> p(7j - 2)¢.
(@54

Proof. Before giving the proof of (8], we observe that ([89) is the same as (L9).
We will prove ([39) using the theory of modular forms. Note that by Theorem 21|
we have 207 (q) € M3 (F0(7), (_—7)) The space M3 (F0(7), (_—7)) is spanned by

oo o0 d . oo . j+ 27
- S5 (W S0 525

m=1d=1 j=1
7 o= = (d T (7\ 7*¢
E;o=1—— ) Pgmt=1-— - < :

and
Sz = (T)n*(77).
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By comparing Fourier coefficients of these modular forms, we deduce that
343
Az (q) = ?Em + E7o.

This completes the proof of ([B3).
The proof of BI0) is similar to the proof of B3). We recall that modular
functions invariant under I'y(7) is a rational function of

n'(77)
n*(7)
Since (¢7;¢") 0o C®7(q) is such a function, we conclude that
n*(77) n°(77)
(07:07)ocCP7(q) = 1 + 491 4343 ,
*(7) n5(7)
and the proof of (BI0) is complete.
Ramanujan discovered that [9, Theorem 2.4.2]
N T (/LT[0 SN (LT
3.12 p(7j —2)¢’ =Tq + 49¢q .
12 ; ( : (6 9)% (¢:9)%
Using 312) and BI0), we deduce BITI). O

Identity (BII) immediately implies Kolitsch’s identity (LI4]). We emphasize
here that our proof of (ILI4]) uses BI0) instead of (B9).

As in the case for k = 5, we are able to find a representation of C®7(q) in terms
of theta functions. This new identity is an analogue of ([LII]). We first observe that
Az (q) € M3 (I'o(28), (=28)). Furthermore the modular forms

©3(9)0s(¢"),  ©3(¢)03(¢"),  ©s(¢)05(q"),  ©3(q)O2(q"/*)Oa(q"?),

03(¢")02(¢"/*)02(¢""?), ©3(0)02(4)O2(¢"), 03(¢")02(9)02(¢"),

©3(¢"/*)03(¢"?),  ©3(¢)03(¢"),  ©3(¢)O2(q"), and ©O1(q)O3(¢")
)-

form a basis for M3z (Fo (28) ( 28) Hence, we deduce that

1
(;9)7

C®7(q) = ( - ;—293(@@3((17) + %@%@)@%@7) - %Gs(q)%(fﬁ

105

15
+ 1o0H0)O:(a"2)02(a"/2) + 1 O4(47)02(a/*)0a(g"/?)

%%@%@%@HE§W(WMWMU

105
- g@g(ql/z)%(qm’) + g@g(tﬂ@g(ff)

15 189
(3.13) + E@g(Q)@z(q ) = =g ©2(¢ )@g((J?))-
We next prove some congruences satisfied by c¢r7(n) using BI3) and BI0).

Theorem 3.3. For any integer n > 0,
cp7(bn+3) =0 (mod 5).
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Proof. From ([B.13), we deduce that

> cor(i)e’ = —(0s(0)03(a") + ©:(0)03(¢"))  (mod 5)
= (G 9)%
1 - .
= F P ((4: 0)%03(0)03(¢”) + (4: 9)3.O2(0)©2(¢*))
(3.14)
Using Jacobi’s identity for (¢;¢)2, [9) Theorem 1.3.9], we find that
(3.15) (¢;9) =y Z (20 4 1) /247
1=0 j=—o00

Now, observe that
(i +1 .
( 5 ) j2

is equivalent to
8m+1=(2i+1) + 852
If 8m = —1 (mod 5), then m =3 (mod 5). Since

we deduce that
(2i+1)24+8j=0 (mod 5)
holds if and only if
2i+1=7=0 (mod5).

Similarly, we have

(3.16) > (q;q) =3 S (-1)i(2i 4 1)g D246,
1=0 j=0
Observe that )
(2 + .
m=9+’(l2 ) G+

is equivalent to
8m — 69 = (20 +1)* +2(25 + 1)
Note that if 8n — 69 =0 (mod 5), then m =3 (mod 5). Since

we deduce that
(204+1)°+2(2j+1)*>=0 (mod 5)
holds if and only if
2i+1=2j+1=0 (mod5).

From [B.I4), 310, and [B.I8), we conclude that if m = 3 (mod 5), then

cp7(m) =0  (mod 5)

or, equivalently,
cpr(bn+3) =0 (mod 5)

for any integer n > 0.
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Remark 3.2. Tt is possible to deduce Theorem B3] without using (BI3]). We first
recall a recent result of F.G. Garvan and J.A. Sellers [I7] which states that if p is
a prime number and 0 < r < p, then the congruence

cor(pn+7r) =0 (mod p), forallne N,
implies that
copN+k(pn+1) =0 (mod p), for all n € N.
In [2, (10.3)], Andrews showed that for all integers n > 0,
(3.17) cga(bn+3) =0 (mod b5).

Applying the result of Garvan and Sellers with p =5,r =3, N =1, and k = 2, we
complete the proof of Theorem 3.3

Our next set of congruences are consequences of ([BI0).
Theorem 3.4. For any integer n > 0, we have
(3.18) co7(Tn +3) = cpr(Tn +5) = cp7(Tn +6) =0  (mod 73).

Proof. From (B.10), we find that

(3.19) i cpr(k)q" = ! + 49q(q7; ) (mod 7%)
= (45070 (¢:9)%
Let
7. ,7\3 o0
q:49 ) .
q(( : )i =) a(j)¢
G9% =
Then
o0 (o)
(3.20) Z cp7(Tn +1)q" = 49 Z a(fn+7)¢" (mod 7%), 1<r<6.
n=0 n=0

By the binomial theorem, we find that

(3.21)

a(j)a’ =4(4": 42 (6 0% =073 4% (Z(—U’(Zi + 1)61“”””“) (mod 7).
Jj=0 i=0
Since

14 w =0,1,2, or 4 (mod 7),

we deduce that
(3.22) a(fn+3)=a(in+5)=a(Tn+6)=0 (mod 7).
Combining (B20) with [322]) we complete the proof of [B.IF]). O
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3.5. Case k =11.

Theorem 3.5. We have

(3.23) Cdyy(q) = +11 Zp (115 — 5)¢’

j=1

(' ') oo

Proof. By Theorem [2T], we know that 2011 (¢q) € M5 (Fo(ll) (’11)). The dimension
of Mj (Fo(ll)7 (;11)) is 5 [31, Theorem 1.34], and this space is spanned by the
modular forms

11 11
n't(117) nt(7) 11
; ) (60)s ) _p(11j =5
a0 ) ; &
— d 4 md 1275 4 md
g E (H)mq and —— 4+ E E <1l>d
m=1d=1 m=1d=1

By comparing the coefficients of 2[4 (¢) with those of the five modular forms above,
we deduce that

11, oo
11(q) = 2(1;_)) Z (115 — 5)q

This proves ([3:23). O

It is immediate that [B23]) implies (LI0). There is no analogue of ([B4]) and
@B9) for k = 11, but an analogue for (I.IIl) and BI3) exists. This expression is
complicated and we will give such identities if we do not have other representations
for (¢%; ¢*)ooC®1(q) when k is composite (see Section 6).

3.6. Case k = 13.
Theorem 3.6. We have
(q13' q13)5

(4" 4") o 2 (25¢"%)3,

1
C®13(q) = —5—3— + 169(¢———5— + 36¢° + 4944°
13(4) (0%:¢") ( (q,q)i<> ()4, (3 0)%
2 (@357 5 (@35 ¢"%)2
+ 3380¢ —(q,Q)m +13182¢ R P
(¢"3;¢) 1L (g3 q1)1L3
(3.24) + 28561¢° 2% + 28561¢" 1=
(q;q)12 (q;9)%2 )
(3.25)
:;4-13217 (135 —7) J+26qw.
(4"%¢") (¢:9)%

j=1

Proof. From the discussion at the end of Section B3] we know that

(¢"%:¢") 0 CP13(q)
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is a modular function invariant under I'g(13), and since modular functions invariant
under T'o(13) are rational functions of H = n?(137)/n*(7) [28], we deduce that

(¢"%: ¢") 0 CP13(q)

=1+169 (H + 36H? + 494H3 + 3380H* + 13182H° + 28561 H + 28561H7> ,

and ([B.24) follows.
Around 1939, motivated by Ramanujan’s identities B.8) and BI2), H. Zucker-

man [44 eq. (1.15)] discovered that

et (q, Q)oo (q, q)oo (q, q)oo
(6% 5(0"4")%
+ 43940¢* ~—"—222 + 171366¢° -2
(¢; q)oo (¢; q)ég
(4'%4")8 7(a"%¢")3
3.26 + 371293q67 +371293¢" ————.
(326) (698 (:9)8
Using B:20) to simplify ([3:24]), we deduce that
1 U
CP13(q) =~ +135 p(13f — 7)¢’ + 26~ L9 )
() (0% 4" jzlp § = +26q (9%
and this yields (3.25). O

Identity (3:25)) immediately implies (LI6]).
We observe that the appearance of

> p(135 = 7)¢
j=1

simplifies (3.24)), leading to ([B.28]) with only three terms on the right hand side.
Identity ([B:28]) is clearly an analogue of Kolitsch’s identities ([B.6]) and (BITI).
In Section 4, we will prove identities involving both C®(¢q) and

i BT
2P 21 )1
=1

when k > 3 is a prime. This method appears to yield the simplest (in terms of the
number of modular forms involved) representation of C®y(q) for any prime k > 3,
and it does not involve the construction of basis for

_1)(k=1)/2
M—1y)2 (Fo(k‘)y ((1)7]{))

Constructing such basis could get complicated for large k, as we shall see in the
next subsection.

7. Case k = 17.
Let

(327) ga(T) _ q17B2(a/17)/2 H (1 _ q17(m—1)+a)(1 _ q17m—a),

m=1
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where By(z) = 22 — 2+ 1/6. Let
fira =" (A7), fira(r) = n(r)n"(177),

Grra(r) = %(17152(177) — By(r)),

7
gi7,2(7) = n*(177) Z E.50(T)E14.30 (T)E4.38 (T)*Ex2.3k (1) .50 (T) Er0.30 (T) *Egugi (7),
k=0

h17,1(7) = 9%7,1(7% h17,2(7) = 917,1(7)917,2(7), h17,3(7) = 9%7,2(7)7

1
hira(t) =n*(T)n*(177),  hars(r) = 57 (289E4(177) — Ea(7)).

From Theorem 1] we know that 217(¢) € Ms(Io(17), (17)). By [31, Theorem
1.34], we find that

dim My (To(17), (1)) = 12,

Let

Bi71 = firihira, Bire = firihire, Birg = firihirs, Bira = firahira,

Bi7s = firihirs, Bire = fir2hir1, Biryr = fir2hir2, Birs = fir2h173,
2(r) (17r)
n(177)’ n(r)
One can verify that {By7;[1 < j < 12} forms a basis of Ms(I'o(17), (1f)). By

comparing the Fourier coefficients of 217(¢) and By7,;,1 < j < 12, we deduce the
following identity.

Bi79 = fir2h17,4, Bi70 = fir2hi75, Biral = and Bi712 =

Theorem 3.7. We have

1 1491529 20931981 117030839
3.28) Co = ( Bi71—————DBi7o—————8B
(3.28) 17(q) G\ s P 936 Du72 536 17,3
78308596B _ 988669B n 424841849
TRy 1A 936 DTS T T g D176
_ 10654955751B _ 17109438979B n 7515406274B
o3 DV T T o35 DSt T g Dino
91750275
+ e Birao + Biru + 6975757441317712)
Note that all the coefficients of By7 ;, j # 11, are divisible by 17%. Therefore,
- 1 2

or, equivalently,
cp17(n) = p(n/17)  (mod 17%).

This is a special case of Andrews’ congruence [2, Theorem 10.2 and Corollary 10.2]

(3.29) cpp(n) = cp1(n/p) (mod p?),

which is true for all primes p.
In the next section, we will provide an analogue for Kolitsch’s identities (B.0])

and BII) for C®7(q).
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4. k-COLORED GENERALIZED FROBENIUS PARTITIONS
AND ORDINARY PARTITIONS

Kolitsch’s identities (ILI3]), (LI4)), and Andrews’ congruence ([B:29) show a close
relation between k-colored generalized Frobenius partitions and ordinary partitions.
In this section, we will give a more precise description of the relation and prove

B9, @11, B23), and (B.29) in a uniform way. We will also give an alternative

representation for C®17(¢q) and illustrate for any prime £ > 3 a general procedure
to express C®y(q) in terms of other modular functions, one of which involves gen-
erating functions for p(fn — (£2 —1)/24).

Let
a b at +b
F(T)‘ (c d> =F (m’—l—d) '

Let ¢ be a prime > 5 and let Ay(7) denote the function 2¢(g) when the function
2(q) is viewed as a function of 7 with ¢ = €>™7. By Theorem 211

Ae(q) = Ae(7) = (05 COu(q) = D q@lmomey)

mi,..,me_1€Z

is a modular form of weight (¢ — 1)/2 with character x(_yye-1/2, on I'o(¢), where
Q(my,...,me_1) is the quadratic form defined by ([4) and xq is the character
defined by xq4(-) = (4) It follows that

n(ér)
n(r)
is a modular function on T'g(¢). On the other hand, n(¢?7)/n(7) is a modular

function on I'g(¢?), and by a lemma of A.O.L. Atkin and J. Lehner [5, Lemma 7],
we find that

e QMRS G ST

is also a modular function on T'o(¢).
Set

(4.1)  g(1) = 1+£77 ‘Ug—l—f—aq q") Z( Kz;l)qf.

fe(m) = Ae(T)

We now compare the analytic behaviors of fy;(7) and g,(7) at cusps associated
with FO (f)

Lemma 4.1. Let £ > 5 be a prime and let

2 -1

0 ="3;

At the cusp 0o, we have
U0 —p(f —6¢))g + O(g?) if £ < 23,

Fo(r) — go(r) =14 Ca+ 252(52—%4-9)—@9(2[—64)) +0(¢%) if20< <47,
g+ 182(62 —20+9)¢* + 0(¢*) if € > 53.
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k-COLORED GENERALIZED FROBENIUS PARTITIONS 2177

At the cusp 0, we have
0 —1 O(q) if €=5,7,11,
) -ao| (3 3) =2 ~1+0) fe—13,
Qq—(€2_1)/24+(€—1)/2(1 —q+ O(QZ)) if 0> 17.
Proof. Tt is clear from the definition of g,(7) that

90(r) =1+0q"q)e D> pln—050)q"
n>(02—1)/24¢

(4.2) 1+ Ip(f — 60)q + O(q?) if £ <23,
=14+ 0p(20—60)g* +O(¢®) if 29 <0 <47,
1+ 0(¢?) if £ > 53.

On the other hand, we have

1
Qlmy,...,my_1) = (m% +-~-+m3_1) + igmimj
i#£j

1 1
= i(m%+"'+m?—1)+§(m1+"'+m£—1)2-

From this, we see that Q(m1,...,me—1) =1 if and only if exactly one of m; is %1
and the other are all 0, or m; = 1 and m; = —1 for some 4, j with 7 # j and all
others are 0. Likewise, we can check that Q(mg,...,my—1) = 2 if and only if there
are two 1’s and two —1’s among m,, or there are two 1’s and one —1 among m;,
or there are two —1’s and one 1 among m;. Thus, the number of integer solutions
of Q(my,...,mp_1) =2 1is

%(5—1)@—2)@—3)@—4”2.%(e_ (= 2)(0—3) = ié(ﬁ—l)(ﬁ—?)(f—&.
Consequently, we have

Au(F) = 1+ £( = D)g + %e(z (- 2)(—3)g + -
and
fe(r) = = éqi;gz)j:. )
:1+€2q+i€2(£2—2€+9)q2+--'.

. <1+€(€—1)q+i€(€—1)(6—2)(6—3)q2+~-~)

Together with ([Z2)), this yields the first half of the lemma. We next consider the
analytic behavior of fy(7) — ge(7) at 0.

Recall that if A is an even integral lattice of rank n and A’ is its dual lattice,
then their theta series 05 (7) and 64/ (7) are related by the transformation formula
(see [38, Chapter VII, Proposition 16))

T

(4.3) Or(—1/7) = (E)n/2 v(A)OA(7),

where v(A) is the volume of the lattice A. Here, we let A be the lattice whose Gram
matrix is ¢4, ', where A, and A;! are given by (ZI) and ([Z2), respectively. The
determinant of A, is £7'/ det(Ay_1) = £~2. Hence

v(A) = ¢4/,
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Let By (7) be the theta series of A and observe that the theta series of A’ is Ay (/).
Thus, by ([@3]), we have

L\ oy (T D2
A (—E)_z (?) Bu(7).

Together with

we deduce that

(4.4 #o| () ) = gD

We now consider go(—1/¢7).

We have
() 6 3) -5 ).

For k = 0, the transformation formula for n(7) yields

n(@r) (0 -1\ _ 1 n(r)
(4.5) 0() ’(@ 0)‘677(%)'

For 1 <k </¢—1, we find that

klr —1 1 . _ p=
(46) n (42 e ) =7 (ké— ;> _ 627”1@[/2477(_1/7_) _ 627”1@[/24\/;77(7_)'

Next, since (k,£) = 1, there exist integers a and k’ such that kk’ — af = 1. This
implies that

kér —1 K k a
@n (T) =" (T - 7) | (e k:)
_ k_/ i(17£)/262mz(k+k’)/24 e—.TU S k_/ )
14 V i 14
It follows from (6] and (1) that

ol (6 0) =5 (5) ey

<_> ~(€—1)/26—27rimk//€+0(q),

ST s
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where m = (¢2 — 1)/24. Hence,

-1 . -1
n(r)| (ke -1\ _ D2 L E—
e o) = 27)e o

¢

k=1

(4.8) _ 12 <ﬂ) 14+0(g) if£=1 mod 4,
N L +0(g) if¢=3 mod4
+0

I
7N
~| 00
~_
7N
~[4
~_
S
N~—

where we have used Gauss’ result [4] Section 9.10] in our third equality. Combining

[@4), [EX), and ([ES), we find that
(fe(T) —92(7))‘ <2 _01> = %q_(62_1)/24(Q;Q)oo <(qu.zc(12))e - (qu,(llp)oo>

12
() 1o,
Y4
‘We now claim that

(4.10) Be(r) =1+ 20q-1/2 .
so that

(4.9)

Bo(T) 1 o
(@5a9%  (@%:d"%)
Recall that By(7) is defined to be the theta series associated to the lattice whose
Gram matrix is £A4;';, where A, ! is given by ([22). In other words, we have

Bg(T) = Z qQ’(mh...,mzfﬂ7 q= e27'ri7-7

mi,...,Me—1€Z

where
/ £ - ]- 2 2 1
Q'(ma,...,me_1) = T(ml ot mpy) — §Zmz‘mj
i#£j
1
5 (6(mf—|—--~—|—m§_1)—(m1+...+m€_1)2),
For each (my,...,m_1) € Z*~1\{0}, let 7 be the number of non-zero entries in the

tuple. By the Cauchy-Schwarz inequality, we have
(my+---+me_1)”> <r(mi+--+mj ).
Then

L—r)r> Z——l

N —

1
Q,(mla' "amf—l) > 5(6—7”)(771% +oee +m?—l) >

Therefore, the coefficient of ¢7 in B,(7) vanishes for j = 1,..., (¢—1)/2—1. Also, the
contribution to the ¢(¢~1)/2 term comes from the cases where r = 1 or r = £—1 and
equality holds for each of the inequalities above. In other words, the contribution
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to ¢~1/2 comes from the tuples where exactly one of m; is £1 and all the others

are 0 or (mq,...,my_1) = 4(1,...,1). We conclude that the coefficient of ¢(¢~1)/2
in By(7) is 2¢. This proves the claim ([ZI0).

For the cases ¢ =5 and ¢ = 7, we have ({2 — 1)/24 < ({ —1)/2 and (1) = —1.
Therefore,

(@.1) wn)-ao| (] ) =0

When ¢ = 11, we have (> —1)/24 = ({ —1)/2 and (1) = 1. Again, [ZJ) implies
that (£I1) holds in this case. For other cases, we note that in general we have

B(r) = 1+20q" D2+ 0(t = 1)g" 2 + -,

and hence

_(p2_ Be(T 1 (% — _
" 1)/24(q;q)°°<(q4.£c;))z NS ):%q (E—D2H DR (1 —g—gP )

for £ > 11. When ¢ = 13, we have —((* —1)/24 + ({ —1)/2 = —1 and (}3) = 1.
Then from ([@9), we deduce that

0 -1 _
i -a)|(§ ) =2 -1+ o).
For other primes ¢ > 17, [@9) yields

(fo(r) = go(7)) ‘ (2 ‘01) = 2¢~ (N2 g4 0(g?)

instead. This completes the proof of the lemma. |

Theorem 4.1. Let £ > 5 be a prime. Let
fo(m) = (¢" ¢") s CPu(q)

and

ge(r) =1+ £(¢"; ¢") Z ( 1)(1”-

(a) If £ =5,7,11, then fo(1) = g[(T)._

(b) If ¢ =13, then

n*(137)
n(r)

f13(7) = g13(7) + 26

(c¢) If £ > 17, then
= fo(r (£—11)/2 n(fr) o
(4.12) he(7) = fo(T) — ge(T) — 2¢ (n(T))

is a modular function on Tg(f) with a zero at oo and a pole of order
(£+1)(¢—13)/24 at 0, and

he() (n(r)n(er)) "~

is a holomorphic modular form of weight ¢ — 13 with a zero of order
(L—=1)(¢—11)/24 at oo.
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(d) We have
170  when £ =17,
he(t) =0 mod < 266 when =19,
506 when ¢ = 23.
(e) For any prime £ > 11,
he(T) = LF,(1) (mod £?),
where Fy(T) is a non-zero modular form of weight £ — 1 on SL(2,7Z).

Proof. We first remark that the functions f,(7) and g,(7) are both holomorphic
on the upper half-plane. Thus, to prove that f¢(7) = g¢(7) for the cases £ =
5,7,11, we only need to verify that fy(7) — g¢(7) does not have poles at cusps
and fy(7) — ge(7) vanishes at one particular point in these three cases. Indeed, by
LemmalTl f;(7)—ge(7) vanishes at both cusps in the three cases since p(£—dy) = £
for £ = 5,7, and 11. This proves ([@). We remark that in fact it suffices to know
that f;(7) — ge(7) has no pole at the cusp 0 since it would mean that f,(7) — ge(7)
is a constant. Since the expansion at oo begins with £ (¢ — p(£ — &y)) g, the only
possibility that f(7) — ge(7) is a constant is when p(¢ — ;) = £. In other words,
without listing out the partitions of 5,7, and 11, we know that p(4) = 5,p(5) = 7,
and p(6) = 11.

We next consider the case ¢ = 13. By Lemma [l the Fourier expansion of
fo(T) — ge(7) at 0 is

207 —4 4.

Now we observe that 1(137)2/n(7)? is also a modular function on I'o(13) and sat-

isfies ) )
13 0 -1 1 1,
et A T T )
n2(7) 13 0 137%2(137) 13

Therefore, f;(7)— go(T) —26n(137)%/n(7)? is a modular function on T'g(13) that has
no poles and vanishes at the cusps. We conclude that f,(7)—ge(7)—261(137)2 /n(7)?
is identically 0, and the proof of (B is complete.

Similarly, for primes £ > 17, using Lemma [£.1] and the transformation formula

of n(7), we find that

0 -1 e .
() (e 0 ) =2 TDHEUR((1 - g+ 0(¢%) — (1 - (( = 11)g + O(¢)))
=2(0 —12)g~ (FDE=13)/24

Therefore, h¢(7) has a pole of order (¢ + 1)(¢ — 13)/24 for ¢ > 17. From Lemma
Al it is clear that hy(7) has a zero at co. It follows that h,(7)(n(T)n(¢r))! =13 is a
holomorphic modular form of weight ¢ — 13 on T'g(¢), and this completes the proof
of [@).

The congruences in (d)) can be verified using Sturm’s criterion [39].

Next, observe from ([L19) that

fe(r) =1 (mod £2).

For ¢ > 13,

he(r) = fu(7) — g(r) = —(g"3 ") oo p(zj—f ‘1)qf (mod £2).
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It is known that (see [3, Corollary 5.15.1, p. 157] for a proof given by J.P. Serre)
0o D P (5 ’

j=1
where Fy(7) is a cusp form on SL(2,Z) of weight £ — 1. This implies that

he(T) = —LF,(1) (mod £?).

The fact that Fy(7) is non-zero follows from the result of S. Ahlgren and M. Boylan
[T, Theorem 1]. O

— 1) ¢ = Fu(7) + LEo(7),

We now give another representation for C®17(q). Let
h(7) = n*(177) Zé‘gk Eya(M)Es 3 (T) =" + 3¢ +8¢° + 50" + -
and
ha "(177) mek 2(M)EA (TE 3 (T)Eg e (T) = ¢* +¢° +8¢° + -,

where &,(7) is given by ([B27). Then
ha7(T)n* (T)n* (177) = 595hy (1) — 425hs (7).
This gives the identity

! > (@i
CPi7(q) = ——— +17Y p(17j —12)¢/ +2- 173¢* 21
(70" ) oo = (9)S
1

(4.13) (595hy () — 425hs(7)) .

(¢ )3 (a" 5 4"7)%,
Note the simplicity of [@I3) as compared to (328). Identities similar to ([@I3)
exist for k = 19,23, and other primes. These identities involve the function &, (7).

5. GENERATING FUNCTION OF c¢(n) FOR k=9 AND 15
There are two cases to consider in this section, namely, £ = 9 and 15.

5.1. Case k =09.

Let
1 = k3P
E [ .t
217 240 2 1—g+
k=1
1 & k3q3k
Ego = i
92 = 510 + Z eI
k=1
1 e k3q9k
Eoy = — M
98 = 00 T 2T R
k=1
and
E914 _ ( ) Z d3 n

% ||M8

))-

These are Eisenstein series of M4(F
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Theorem 5.1. We have

(6% ¢°)%, s (%)L (0% 4%)3,
(5:1) Oolq) = 324g (39)% 19085 (0% (6% ¢3)% _240q( 5434
4582 (¢%;¢°)% (¢ 0%
(G903 (% )% (35¢3)%
1
(5.2) = oL (81Eg,1 — 84Fg 5 + 243Ey 3 — 3E9 4 — 6¢(q% ¢°)5,) -

Proof. By Theorem [21] we find that 209(q) € M4(T'0(9)). Next, from [31}, Theorem
1.34], we find that dim M4(T'9(9)) = 5 and the basis is given by

12(97 )97
Boy = 18(37), Bos—" Or) 5. w0 O7)

7]4(37) ) 9,3 — 774(37—) )
_ n°(m)n°(97) _ (1)
D= i P T iy

By comparing Fourier coefficients of 29(¢) and By ;,1 < j < 5, we deduce that
(5.3) Ag(q) = 324Byg,1 + 19683 B9y o — 240Bg 3 — 1458 By 4 + By 5.

This proves (G1)).
We can replace the basis {Byg ;|1 < j < 5} by {Bg1,Ey ;|1 < j < 4}. Using
these modular forms as a basis for My(T'y(9)), we deduce (E2)). O

Theorem 5.2. For any integer n > 0, we have

(5.4) cpg(In +3) = chg(In+6) =0 (mod 9),
(5.5) cpo(3n+1) =0 (mod 81),

and

(5.6) cPo(3n+2) =0 (mod 729).

Proof. From [40], Lemma 2.5], we find that

(5.7) (;0)% = S(¢®) — 3a(¢”; ¢°)2.,
where
(5.8) S(q) = (4 Q) (©3(2)O3(¢%) + O2(q)O2(¢?)) -

From (&1)), we deduce that

o 9 9\3 . 3
> et =23t L ool 1 (R mod )
(5.9)
S 3 9. 9\3
=2~ 00 g e T

Comparing the coefficients of ¢3"*2 on both sides, we deduce that

cPo(3n+2) =0 (mod 729).
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Extracting the terms of the form ¢®"*! on both sides of (5.9), dividing by ¢, and
replacing ¢> by ¢, we deduce that

o] (q3; q3)3 (qB; q3)3
cho(3n +1)¢™ = 2% - 3%(q; q)2, — 240 * _3 *  (mod 729)
nzzo (¢ 9)% (¢ )4
(¢ ¢*)3%
=22.3%q; )%, — 243m (mod 729)
=22-3%¢;9)% — 3°(¢:9)%  (mod 729)
(5.10) =3%¢;¢9)2, (mod 729),

which implies (B.3)).
Extracting the terms of the form ¢3" on both sides of (5.9) and replacing ¢* by
q, we find that

Z cdo(3n)q" = (jgl (mod 729)
n—0 1) oc0
(5.11) = ;3 (03(0)0s(¢) + ©2(4)O2(¢*))  (mod 729).

From [40, Lemma 2.6], we deduce that

(5.12) 1 _ (q95q9)§o (52(q3)+3q5(q3)(q9'q9)3 +9q2(q9,q9)6 )
' (0% (¢*d%)2 o e

From [8, Corollaries (i) and (ii), p. 49], we find that

(5.13) O3(q) = Os(¢”) +2¢f(¢*, ¢*)
and

(5.14) O2(q) = O2(¢”) +2¢"* f(¢°, ¢"),
where

fla,b) = (—a; ab)oo (—b; ab) s (ab; ab) oo

Substituting (BI2)-E14) into (BI1I), we deduce that

> ol = (TS (57(0) + 305(@) 50"
n=0 ! 0
(5.15)

x (@3<q3> (©5(a) +20f(a*,4"™)) + ©2(a") (©2(a") + 24" (4", q”))) (mod 9).
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Extracting the terms of the form ¢3"*! on both sides of (E.15)), dividing by g,
and replacing ¢* by ¢, applying (5.8), we deduce that

2 cho(In + 3)q"

= () L (3L 12 (0.4 0 0u0) 67, 0))) (ot )
= s (LT

(5.16)

e e S

where the last congruence follows by converting

03(9)f(2,4°) + ¢ *02(q) f(¢*. ¢*)

to infinite products.
From [41] (3.75), (3.38)], we find that

(%0%)0e (%545 (% d%)3, (0% 42 (6% ¢%)so (9" 4" %
G Gk T @O T &P

and

PSRN Uil S Ut/ XU - S Ui a8
(G0 (%)% (6% ¢?) (@)
By (BI7), we find that

(519)
50 (0% 602 )

(g3 ) (q* ) (q 7)o

(¢*9°)5% ( ") ¢ (a*54")5.(¢5% ¢%)2, (%02 (¢% ¢%) e (¢"%5 42
=2 e (Lt g (@& P )
(5.20)

(¢*; 43 (¢5 q) (¢"%¢'2)3,

+ 6q ,
(4% 4%)2.(¢"%;¢"?) o (1% ¢%)

and this implies that

(0% 6*) 7 (6 4%) oo (0% 6" o (a*;q*)3. (45 q)
O VRN (L WPy N e R P
(g% 4M)3.(¢%q ) (425 ¢'%)3,
= 0 2 (0% ) T O (D
(@ i
(5.21) =629 ) (M) :

where we have used (B.I8)) in the last equality. Substituting (B.2I)) into (BI6), we
deduce that

cpg(In+3) =0 (mod 9).
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Extracting the terms of the form ¢3"*2 on both sides of (5.If), dividing by ¢?, and
replacing ¢> by ¢, we deduce that

Z cdg(9n + 6)g™

n=0

(@635 () (@0 e (0 e, (aa")3(a% %)%

=5 3 d9
@ (q;Q)éi( (@5 9)3. (g% 4*)3. (4% ¢%) o (q2;q2)§o(ql2;q12)oo) (mod 9)

=0 (mod9),

where we have used (520) to deduce the last congruence. Hence
cpg(In+6) =0 (mod 9).
O
Congruences (4] and ([B.5]) can also be established using congruences discovered

by Kolitsch. In [22], Kolitsch generalized Andrews’ congruence ([3:29]) and proved
that

(5.22) Z u(d)c¢§(%) =0 (mod k?),
d|(k,n)

where p(n) is the Mobius function (see for example [4, Section 2.2]). We now
prove a generalization of (54) and (.5). For any non-negative integer k, we set
cdr(x) = 0 whenever x ¢ Z. We can then rewrite (0.22)) as

(5.23) Zu(d)c¢§ (%) =0 (mod k?).

Theorem 5.3. Let p be a prime and let N be a positive integer which is not divisible
by p. For any integers « > 1 and n > 0, we have

(5.24) Chpen (n) = cpes (n/p)  (mod p**)

or, equivalently,

(5.25) cppan(pn+7) =0 (mod p**), 1<r<p-1,
and

(5.26) chpo(pn) = chpn-an(n)  (mod p%).

Proof. Let Q(N) be the number of prime divisors of N (counting multiplicities).
We proceed by induction on Q(N). If Q(N) = 0, then N = 1. Setting k = p® in
[B23), we deduce that

(5.27) cppe (n) = chpa—1(n/p) (mod p**).

Thus, (5:24)) is true if Q(N) = 0. Assume that (524) is true if Q(N) < h, where h
is a positive integer. When Q(N) = h, we set k = p®N in (523). Since p does not
divide N, any positive divisor of p® N has the form p’d where 0 < j < a and d|N.
In particular, if j > 2, then u(p’d’) = 0. Hence by ([5.23)), we obtain

(5.28) Z (,u(d)ccﬁpaTN (g) + ,u(pd)cqbw (}%)) =0 (mod p**).

d|N
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According to d = 1 or d > 1, we separate the summands on the left hand side of
(E28) and deduce that

(5.29) cPpan(n) — chpa-1n (%)
L (e () - (3) =0 s
d|N,d>1

Note that in the summand, since d > 1, we have Q(%) < h, and hence by assump-
tion

E — 1 ny _ 20
(5.30) cqﬁp«ZN (d) cgzﬁ,,a; N (pd) =0 (mod p).
From (£30) and (529), we deduce that
_ ™\ = 20
Chpan(n) — chpoa-1n (p) =0 (mod p=*).

Hence (524) is true when Q(N) = h. This completes the proof of (G24]).
Replacing n in (524]) by pn + r, where 0 < r < p — 1, and observing that

Cpo-1 (pnlfr> —0, 1<r<p-1,

we deduce (5.25) and (5.26]). O
Let (p,a, N) = (3,2,1) in Theorem 3] By (52H), we deduce that
cPo(3n+1) = cpg(3n+2) =0 (mod 81),
and this gives another proof of (B.3]). Similarly, by (526]), we deduce that
(5.31) cPo(3n) = cp3(n) (mod 81).
By (329), we find that
cp3(3n+1) =cp3(3n+2) =0 (mod 9).
Substituting these congruences into ([.31), we complete the proof of (5.
5.2. Case k = 15.

Let
n? () (157)
TS
his(T) =1 (T) *(57) — 9n* (37)n* (157),
915’1(7') = —g (EQ(T) + 3E2(3T) — 5E2(5T) — 15E2(15T)) ,
915.2(T) = —% (Ea(1) — 3Eo(37) + 5E5(57) — 15E,(157))
915,3(7) = n(T)n(37)n(57)n(157),
and
915,4(7T) = é (E2(T) — 3E2(37) — 5E5(57) + 15FE5(157)),
where

_1—242

l—q
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Using dimension formula [31, Theorem 1.34], we find that

—15

dim M; (r0(15), (f)) —14.

The modular forms
Bis1 = f159%5.15
Biss = f1591519%5.2,
Bis5 = f15915.1915,3,
Bis,7 = f15915,1915,2915,3,
Bisg = f159%5,2915,3,
Bis.11 = fis915,1h15,

A4 (3r)t4(5r)

n"(r)n7(157)

form a basis for M- (F0(15), (;15’))

Bis13 =

Bisa = [15975.1915.2,
Bisa = fi5935.2:

Bis6 = [159%5.1915.4,
Biss = f15915,1915,2915.4,
Bis10 = f159%5,2915,47
Bis,12 = fi5915,2h15,

0" (1)n*(57)

d B =
e P T a3 )n(157)

Using the fact that 2y5(q) € My (T'o(15), (=12)), we deduce the following.

Theorem 5.4. For |q| <1,

P ( )_ 1 (18125225 _ 845079 _ 87564447
15\q) = (q;q)ég 1156 15,1 34 15,2 71156 15,3
2491641 147166525 341957B
—34 15,4 —1156 15,5 63 15,6
483081 28623 9784683
— B - —B -—B
17 15,7 1 15,8 63 15,9
1168839 7263781 97629
- 3—4315,10 7315,11 - TB15,12

4 3375B15.15 — 3374315,14).

6. GENERATING FUNCTION OF c¢(n) FOR EVEN INTEGER 2 < k < 16

In this section, we derive alternative expressions for C®y(n) when k > 2 is even.

6.1. Case k = 4.
Theorem 6.1. We have

C®,(q) = !

(6.1) (0%

03()

- (03(e) +305(¢*)03(¢*))

03(—q)03(¢%)

(6.2)

(¢ 9)%.©3(¢%)

(9)4.03(4%) "

Proof. Let k = 4 in Theorem 21 We deduce that 24(q)©3(q) € M2(Io(8), (2)).
From [31] Theorem 1.34], we deduce that

dim Ms (T (8), (2)) = 3.

It can be verified that
©3(¢)03(4%),

03(9)°05(¢*), and ©5(¢*)O3(¢*)Os(q)
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form a basis of M (I'9(8), (2)). Comparing the Fourier coefficients of 24(q)O3(q)
and the given basis of M, (I‘o (8), (2)), we deduce that

a(9)Os(q) = (O3(¢) + 303(4*)03(4*) ) Os(a),

which proves ([6.1]).

Theorem 2] also implies that ©3(¢?)24(q) € M2 (I'o(16)). From [3I, Theorem
1.34], we find that dim M5(I'o(16)) = 5. Identity (6.2) then follows from the fact
that

03(0), ©3(¢*), ©3(¢"), ©3(-¢)03(—¢), and ©3(—q)O5(¢*)
form a basis of M (To(16)). O

Remark 6.1. The representation (6.2) was first deduced by W. Zhang and C. Wang
[43] from (6.1)), where they used it to give an elementary proof of the congruence

cps(Tn+5) =0 (mod 7).
6.2. Case k = 6.

Theorem 6.2. We have
Cg(q) = (9)%(a" 9% 1(d%6%)a(a a3
9(¢%¢*)3%(¢%¢%)% 3 (9% (¢% %)%
8 4. 1L 4 M2 (45 P)?
+3 4 gq 2(]5)0012 1213 +36q(q : 200(3 ggoo
9 (03 0)3%(@* ¢*)2 (a2 ¢'?)% (4 0)%(a% a*)%
(a"0"%(¢% ") |, - . (¢"%4")% .
(5 2)3. (0% %)% (4 9)3 (% 6*)5: (% 4*)
Proof. Let k = 6 in Theorem 2l We deduce that ©3(q)2s(q) € M3(To(12), (=2)).
From [31 Theorem 1.34], we deduce that

(6.3) + 2742

dim Ms (To(12), (;12)) =7.

Let
9 9 9 9
n°(7) n°(27) n°(47) n°(37)
TG T pi6r) ©3 T p(12r)’ T ()
9 9
n”(67) n”(127) 3 3
6,5 P27 6,6 Pdr) an 6,7 = 1" (27)n°(67)

The set {Bg ;|1 < j < 7} forms a basis of Ms (F0(12), (_—12)), and by comparing
the Fourier coefficients of ©3(¢)2s(¢) and modular forms in {Bs ;|1 < j < 7}, we
deduce that

1

4 8
(6.4) O3(0)%6(2) = 5 Bo1 — 3Bo2 + 5B + 36804 +27Bo5 + 12Bs 6.

This proves ([6.3]). O

Congruences for c¢g(n) have drawn much attention in recent years. For example,
Baruah and Sarmah [7] established 3-dissections of C®¢(gq) and proved that

(6.5) cps(3n+1)=0 (mod 9)
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and
(6.6) cps(3n+2)=0 (mod 9).

We remark here that the congruences above follow directly from (5.25]) with (p, o, N)
= (3,1,2). Moreover, setting (p,a, N) = (2,1, 3) in (525]), we deduce that

(6.7) cpg(2n+1) =0 (mod 4).

Congruence ([6.7) appeared in [7] as Corollary 3.1.
For more congruences satisfied by c¢g(n), see a recent paper of C. Gu, L. Wang,
and E.X.W. Xia [I8] and their list of references.

6.3. Case k = 8.

Theorem 6.3. We have
(6.8)

Cos(q) = !

(45 9)%,
+11203(¢") 03 (¢*) + 14703 (¢*)03(¢*) + 8403(¢*)O3(¢*) + 35@3(q4)93(q4)>-

(©7(a*) + 2805(4")02(") + 10503 (4") O3 (")

Proof. Let k = 8 in Theorem 211 We deduce that O3(q)2s(q) € M4(T'9(16)). From
[31, Theorem 1.34], we find that

and one can verify that

Bs1 = ©3(9)03(¢"), Bg a2 = 03(0)03(¢")O2(¢"),
Bss = 03(9)03(¢")05(¢"), Bs4 = 93(9)03(¢")03(¢"),
Bss = ©93(¢)03(¢")05(¢"), Bss = 93(0)03(¢")05(¢"),
Bs7 = 03(q)03(¢"), Bgs = 05(q"),

and Bsy = 03(¢)03(¢")05(¢")

form a basis for My(T'9(16)). By comparing the Fourier coefficients of the basis and
those of ©3(q)As(q), we find that

6.9

( G))g(q)ng(q) =DBg 1 +28Bg > 4+ 105B8g 3 + 112Bg 4 + 147Bg 5 + 84Bg ¢ + 35B83g 9.

This completes the proof of (G.g]). |
By (B27), we find that

(6.10) cps(n) = cpa(n/2) (mod 64).
In [6], Baruah and Sarmah proved that

(6.11) cps(2n+1)=0 (mod 4?),

(6.12) cps(dn +2)=0 (mod 4),

and

(6.13) cps(4n+3) =0 (mod 4%).

Combining ([EII)-@I3) with (6I0), we obtain the following congruences for

cog(n).
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Theorem 6.4. For any integer n > 0,

(6.14) cps(2n+1) =0 (mod 64),
(6.15) chs(4n+2)=0 (mod 16),
(6.16) cgg(8n+4) =0 (mod 4),
and

(6.17) cps(8n+6) =0 (mod 64).

6.4. Case k = 10.
By Theorem 1], we have ©3(q)210(q) € Ms5(I'0(20), (=22)). From [31, Theorem
1.34], we deduce that

dim M; (To(20), ( 2O)) = 14.
Let
Biog = @g( )© (q5), B2 = 93(61)@%(q”z)@S(q)@S(q5/2),
Bio,3=03(0)03(¢°)03(¢"/*)03(9)03(¢™*), B10.4=05(0)03(¢”)03(¢"/*)05(¢”?),
Bios = 95(4)03(¢°)05(q), Bio,s = 05(0)03(¢°).
Bio7 = ©5(¢°)03(¢"/*)02(¢?), Bio,g = 93(¢)93(¢°)03(q),
Bioy = ©3(¢°)02(4"/*)03(0)02(4°?), Bio,10 = 05(¢)03(¢)02(¢”),
Bioa1 = O3()®3(¢°)05(¢"/?), Bioa2 = 93(9)0s(¢°)05(¢)03(¢),
Bioas = 03(0)03(¢°), and  Bigas = 03(9)03(¢°)03(¢"/)02(¢°?).
The set {Byo,;|1 < j < 14} forms a basis of Ms(I'9(20), (=22)), and we deduce the
following.

Theorem 6.5. We have

1 13 435 9275 175
Cd19(q) = W (§Blo,1 + 5310,2 + 198 —=DBio3 + 3—2310,4
31 15 225 775 221 857
- —B - —B —B - —B —B ——B
g D105 4 Do +— 4 D7 39 D108 + 39 P10,10 — 5 Do
(6.18)
155 25
—2B —B
+ 3 10,12 t+ 3 1013)
Let
frp = MT)nr)n(107)n(207)
n(47)n(57) ’
10
— @ (__) 5 n (T)
Ji01 3(¢)93(q )772(57_>=
and
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Let
gi0,1 = % (Eo(T) — 4E2(27) + 4E5(47) + 5E5(57) — 20E5(107) 4+ 20E5(207)) ,
g102 = 03(0)03(¢%),
g10,3 = i (—E»(27) 4+ 5E2(107))

57 (Ba(r) + Ex(2r) + 4Ba(47) — 5B5(57) — 5E>(107) — 20E5(207)),

gi0,5 = n*(27)n*(107),

and

g10,4 =

Let
BT0,1 = flogfo,lv BTO,Q = f10910,1910,27
Biko,s = flOg%O,zv BT0,4 = f10910,1910,3
Bios = f10910,1910,4, Blo.6 = f10910,1910,5
Blo7 = f10910,1910,6 Biys = f10910,2910,3,
Biko,g = f1091o72910,4, Bfo,lo = f10910,2910,5,

Bioa1 = 1091029106, Bio12 = f10970.3,

Biko,lg = f10,1 and Biko,14 = f10,2-
We can replace the basis {B1o,;|1 < j < 14} by the basis {Bj, ;|1 < j < 14} and
deduce that

C10(q) =

1 (5075 4525 29375 4525
Bioqg+ ——Bios+ ——Blos+ ——Bi
Os(q)(g; )2\ 2 1! 4 102 4 103 5 Ploa

6275
— 4525B}y 5 — 6525Bj0 s + ~—— By 7 — 4950Bjy 5 + 2300Bj g
N 10325 _, N N N

(6.19) —22375B1y 10 + TBl‘Lll —10150B7¢ 12 + Big 13 + 200000310714) .
Identity (6.19) leads immediately to

O5(q°
(6.20) Corp(q) = 2T) (1noa 52).

(4% ¢°)%

Remark 6.2. Congruence ([6.20) is the motivation behind the discovery of Theorem
Theorem (.3, when interpreted in terms of generating functions, yields the
congruence

(6.21) C®pi(q) = CP(¢") (mod p?)

for any distinct primes p and ¢. Congruence ([6.20]) is a special case of ([62I]) once
we identify the right hand side of ([{.20) with C®2(q®) (see B1)).

Theorem 6.6. For any integer n > 0, we have
(6.22) cpro(2n+1)=0 (mod 4),
(6.23) cpro(bn+7r)=0 (mod 5?), 1<7r <5,
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and
(6.24) cd10(25n +15) =0 (mod 5).

Proof. Congruences ([6.22]) and ([623]) follow from Theorem 53] by setting (p, ., N)
= (2,1,5) and (5,1,2), respectively. Congruence ([6.23) also follows from (G.20)).
Furthermore, from (620), we deduce that

O3(q) _ O3(q9)(g:9)%

(693 (9% (mod 5)

(6.25) > cro(bn)q"
n=0

oo oo

- S 312 + 1) HEED2 ) (mod 5).

i=—00 j=0

Note that

if and only if 8n 4 1 = 8i? + (2 +1)2.

-8
Since <?) = —1, we find that 8n +1 =0 (mod 5) or, equivalently, that

n=3 (modb) ifandonlyifi=2j+1=0 (mod5).
Hence, by ([6.25)), we deduce that
ch10(5(5n+3)) =0 (mod 5).

Remark 6.3. One can prove (6.24]) by first observing that (620]) implies that
ch10(5n) = cha(n)  (mod 52).
Using BI7T), we deduce ([624)).

6.5. Case k = 12.
By Theorem 2.1} we have ©3(q)2%i12(q) € Mg(To(24),(%)). By [31, Theorem
1.34], we deduce that

dim My (To(24), (2.—4)) — 922,
Let
B2 = 03(q)03(q°), Bi22 = 03" (q)03(q%),
Bizs = 03(¢°)Os(¢°)03" (¢%), Biz.a = 03(4)03(¢")03(¢%)03(9)03(¢"),
Bi2s = 03(¢)03(¢*)03(¢°)03(9)03(¢°),  Bizs = ©3(9)03(¢°)O3(¢%),
Bia,r = 03(9)03(¢°)02(¢)03(¢%), Bizs = 03(q)03(¢")03(¢")©5(¢°),
B2y = 03(¢)03(¢*)03(¢*)03(¢°), Bi2,10 = ©3(¢)03(¢°)03(9)03(¢%),
Biz,11 = 03(9)03(¢")03(¢)03(q”), Biz12 = 03(q)03(¢°)03(9)03(¢%),
Bi2,13=03(q)03(¢°)03(¢)©3(q"), Bi2,14=03(q)03(¢%)02(q)03(¢°)O2(¢")©3(¢°),
Bi2,15 = 03(¢)03(¢*)02(9)03(¢*)02(¢°), Biz,i6 = O3(¢)03(¢°)O2(9)02(¢)O2(¢”),
Bia7 = 03(¢)03(¢°)02(¢)03(¢*)O2(q%), Bizs = O3(q)03(¢*)O2(q)O2(q°),
Biz,19 = ©3(¢)03(¢°)03(¢°)03(¢*), Biz,20 = 03(¢)03(¢°)03(¢°)03(¢*),
Biz21 = 03(¢)053(¢*)03(¢°)03(¢°), and  Biso = O3(q)03°(¢°)Oa(q").
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The set {Bi2;|1 < j < 22} forms a basis of Mg(I'(24), (2*)). Using the above
basis, we deduce the following identity.

Theorem 6.7. We have

1 36207 923091 35829 891
C15(q) = ( _ 920091 39829 891
12(q) 05(q) (4 )2 160 121 1000 124 + Too 120 + 1 D126
_ 1485 _ 143247 _ gB _ 81093
—3 P27 = o0 Pras — —Brae — 75 Bz
582717 227691 714249 8109
~ 000 P2 WBIZH WBIZB + WBIQ,14
n ﬁB n 1179561 _ 16503 _ %B 10559B
g Dr2as + — 500 Braae — — 55 Brzar — o Bi2as + — - Bz
128807 25647 727
(6.26) - WBw,zo + WBU,Zl + ﬁBm,QQ)-

Next, we give some congruences satisfied by c¢g12(n).

Theorem 6.8. We have

(6.27) cp12(2n+1)=0 (mod 16),
(6.28) cp12(3n+1)=0 (mod 9),
and

(6.29) cp12(3n+2) =0 (mod 9).

Proof. This follows directly from Theorem [B.3] by setting (p, o, N) = (2,2, 3) and
(3,1,4). O

6.6. Case k = 14.
By Theorem 1] we know that ©3(q)214(q) € M7(I'o(28),(=2)). By [31], The-
orem 1.34], we deduce that

dim M7 (I'o(28), (;28)) = 27.
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Let

B = 03()03(q"), Bia,s = 03(q)03(¢")03(¢"/*)03(¢"?),
Buis = ©3()03(4")O3(¢'/*)03(¢""?), Biia = ©3(¢)03(4")O3(¢"/*)03(a""?),
Bias = ©3()03(¢")05(9)03(¢"?), Bias = 03(q)05(¢")03(¢")03(¢"?),
Biar = 03'()03(¢"), Biss = 05°(¢)02(¢"/%)02(q"?),

Biao = 03(q)03(¢"?)©3(¢"?), Bia10 = ©3(¢)03(¢"*)03(4"?),
Biaa1 = 03(¢)03(¢°)05(¢"/?), Biajz = 03%(¢)02(q)O2(q"),

Biaas = 03(¢)03(¢)03(q"), Biaa = 03(¢)03(¢)03(q"),

Bia1s = ©3(q)03(q"), Bia1s = 03(q)03(¢")03(¢"/%)03(q),
Biaar = 05(¢)03(¢")03(¢"/%)03(q), Biaas = 05(9)02(¢)03(¢*)02(q"),
Bia1o = 03(q)03(¢")03(¢"/%)03(q), Bia20 = 03(¢7)03(¢"/*)©3(q),

Buior = 03°(9)03(¢")02(0)©3(¢"?), Buig = ©5(¢)03(¢")©3(¢)05(¢"?),
Bia2s = ©3(q)03(¢")03(¢)05(¢"?), Biaoa = 03(¢7)03(9)05(¢"?),

Biass = 03'(9)02(¢")02()03(¢"%),  Bia2s=03(q)03(¢")Os(q"*)03(9)05(¢""?),

and
Biazr = 03(¢)93(¢")02(¢"*)03(9)03(¢"").

The set {Bi4,;|1 < j < 27} forms a basis of M7(I'g(28),(=22)). This basis allows
us to derive the following identity.

Theorem 6.9. We have

P ( ) _ 1 (_ §B _ 332339 255927 _ 197519
WO =g B\~ 27T Tooq T2 T Tyg96 1B T Tq006 M
17325 1407329 7 3 13765
6—4314,5 WBM,G + 1314,7 + 1314,8 ~ opg Do
52045, 386l 420 6623, 79799
Toga Bt + w5 Bune + 7o Buas + = Bute — 5 Buar
29407 3989 19803 16807
57314’19 - 6_4B14,21 oy D22~ WBM,%
50421 6895
(6.30) ong Duaze — %314,27)
By setting (p,a, N) = (7,1,2) in (&24), we get
(6.31) cpra(n) = cpa(n/7)  (mod 49).

By (B28), we deduce that
(6.32) cp1a(fn+7)=0 (mod49), 1<r<6.
Moreover, setting (p,a, N) = (2,1,7) in (23], we deduce that

(6.33) cp14(2n+1) =0 (mod 4).
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6.7. Case k = 16.
By Theorem LT}, we know that ©3(q)216(q) € Ms(T'0(32), (=2)). By [31, Theo-
rem 1.34], we deduce that

dim Mz (I'g(32), (;2)) = 32.

Let
Big; = 03(q)0% (¢*)05° 7 (¢°), 1<) <15,
Bie; = 03(9)04 °(¢*)05° 7 (¢%), 16 <j <29,
Bieso = 03(9)03(¢°)03(¢%),
Bigs1 = 03(9)03(¢")05(¢%),

and

Big 2 = 03(4)03(¢")03(¢%)03' (¢°).
The set {Big;|1 < j < 32} forms a basis of Mg (I'9(32),(=2)). Hence, we deduce
the following identity.
Theorem 6.10. We have

1
CP16(9) T O03() (@ )3

+ 10384B16.4 + 3956568 B16 5 — 12663584 B1 6
+ 21477101 By 7 — 23125005 By 5 + 15986724 By,

— 6153988B15,10 + 108966 816,11 + 1259002B16,12 — 678464 B1613
+ 162042B16,14 — 15218 Byg15 + 61440By6.18 — 337920B16.19

+ 844918 B0 — 870438 Byg.21 — 327528 B1g.20 + 122540544 By 05
— 236670081624 + 1511404195 — 484664 B16.26 + 34128 Byg 27

( — 16384B16,1 + 122880B1.2 — 4310248163

(6.34) +20722B16.08 — 58B16.20 + 59316730).
By Theorem (.3 we obtain
(6.35) cpr16(2n+1)=0 (mod 256)
and
(6.36) cd16(2n) = cpg(n)  (mod 256).

7. MOBIUS INVERSION AND KOLITSCH’S CONGRUENCE ((.22)

In this section, we will use a different notation for k-colored generalized Frobenius
symbol A. The color of a part will be placed on the left hand side of the part. In
other words, our symbol A is now written as

ci(z1) co(z2) --- Cd(zd)>
7.1 A= ,
(r1) (e & e
where c¢; and ¢} denote colors from the set {1,2,...,k} and 2, 2/ denote the parts.

For example, the 2-colored generalized Frobenius symbol
25 29
1o 0g
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(& 1)

Let o be the k-cycle (1 2 -+ k). Let the symbol

is now written as

denote sorting the resulting rows to be strictly decreasing according to (ILIJ). We
say that A has order ¢ with respect to oy if £ is the smallest positive integer for
which the equality of the following symbols holds:
<01(21) ca(z2) - Cd(zd)) _ (Uﬁ(cl)(zl) aj(c2) (22
oi(ch)(25) - op(en)(z))
2

3 4), the 4-colored general-

Ah(z1) (=) - cylzy) o (ch) ()
For example, with respect to the 4-cycle o4 = (1
ized Frobenius symbol

) - ag<0d)(zd>)m_

has order 2, while

has order 4.

Let Uy, ¢(n) be the number of k-colored generalized Frobenius symbols of n that
have order ¢. When ¢ = k, we follow Kolitsch and denote ¥y, x(n) by ¢ (n). For
example, we have c¢,(2) = 8 since there are eight 2-colored generalized Frobenius

symbols of 2 that have order 2:
o) (50),
) (0)

(o) () G
(i) Go) G (o)

The function c¢y,(n) is implicitly mentioned by Kolitsch in [22], and the following
identity was later given by him in [23] p. 220].

/\/\ /\/\

Theorem 7.1. Let k and n be positive integers. Then
_ n
(7.2) chiln) = Y w0y (7))
£| (k)

With [72), (522) can be written as
(7.3) cor(n) =0 (mod k?).
Congruence (Z3) provides an elegant analogue of Andrews’ original congruence
(323), which states that

cpp(n) =0 (mod p?)

for primes p not dividing n. Using the definition of cg,(n), we can rewrite (LI3J),
(CI4), and (TI5) [26, Theorem 3] as

cos(n) = 5p(bn — 1), cpr(n) =Tp(Tn —2) and chyy(n) = 11p(1ln —5),

where n is any positive integer.
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In this section, we prove the following.

Theorem 7.2. Let k and n be positive integers. Then

(7.4) cgr(n) = ZC(M((W@) chqbk/f (n)

£k

We then establish (Z.2) using Theorem We will also take this opportunity to
present Kolitsch’s proof of (T3)) (see Theorem [(3]). Our presentation of Kolitsch’s
proof contains more details than that given in [25]. We feel that it is important
for us (and perhaps the reader) to fully understand Koltisch’s proof as it is an
important congruence and it is essential in our proof of Theorem (.3

We now begin our proof of Theorem

Proof of Theorem [.2l Every k-colored generalized Frobenius symbol has an order
¢ with respect to or. We first show that the order of a k-colored generalized
Frobenius symbol A must divide k. Suppose not. Let m = ds be the order of A
with d = (m,k) and s > 1. Observe that o splits into a product of d disjoint
cycles C;, 1 < j <d, of length k/d. Since (s,k/d) =1, (Ug)s is again a product of
d disjoint cycles C}, 1 <j < d, and the integers in C7 are the same as those in Cj.
Hence, if o} leaves A invariant, it would have been left invariant under U,‘f, but this
contradicts the minimality of m. Therefore, the order of A must be a divisor of k,
and we deduce that
cpr(n) =Y Uy e(n

ok
To prove ([Z4), it suffices to show that

(75) o) =6, ().

For /|k, we know that o}, splits into ¢ disjoint cycles C;, j = 1,2, ..., £ of length k/.
Now, if A is a k-colored generalized Frobenius symbol of order ¢, then it means that
if an entry ¢, (z), with ¢, appearing in C;, appears in A, then ¢, (z) must appear in
A for every color ¢, that appears in the cycle C;. We now replace all the colors in
this cycle where ¢, belongs by the color represented by the smallest integer, which
can be chosen to be less than ¢. In this way, we will obtain an ¢-colored generalized
Frobenius symbol where each entry ¢;(z) appears k/¢ times. In other words, from

d d

n=d+ Zci(zi) + ZC;(Z;)’

=1 i=1

we obtain an f-colored generalized Frobenius symbol giving rise to the partition

k d/(k/€) d/(k/€)
/ /
n:d—i—Z ; ¢ (zi) + ; cj(zl) ,
which implies that
n d d/(k/e) d/(k/f)
/ !/
CORCERR AR SRS
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We have thus constructed from A the ¢-colored generalized Frobenius symbol of
n/(k/¢), which we denote as A\*. We claim that A\* has order ¢ with respect to

=01 2 - 0.
If A* is of order m less than ¢, then this means that

m

= H "
j=1

where each Cj’» is an ¢/m cycle, leaves \* invariant. Since m < £, at least two of the
integers u and v between 1 and ¢ are in some cycle C;-. When we reverse the above
process of obtaining an ¢-colored generalized Frobenius symbol of n/(k/¢) from a
k-colored generalized Frobenius symbol of n of order ¢, we would obtain a symbol
A which is fixed by a cycle that includes both v and v. But u and v are in disjoint
cycles in the decomposition of Uﬁ, and this contradicts the fact that A has order /.
Hence, \* cannot have order strictly less than ¢ and its order must be /.
Conversely, given an ¢-colored generalized Frobenius symbol of n/(k/¢) of order ¢
with respect to 7y, we reverse the process to obtain a k-colored generalized Frobenius
symbol of n of order ¢. Hence, we have ([ZH)), and the proof of Theorem is
complete. O

Theorem [Z1] now follows from Theorem by using the following lemma with
F(n,k) = cor(n) and G(n, k) = cdy(n).
Lemma 7.1. Let F(n,k) and G(n, k) be two-variable arithmetical functions. Then
(7.6) F(n,k)= Y G(n/t,k/t)
£|(n,k)
if and only if
(7.7) G(n.k) = Y plO)F(n/t.k/0).

£|(n,k)

Proof. To prove (1), we set n = dn' and k = dk’ where d = (n, k). From (T4,
we have
F(n'd,k'd) =Y G(n'd/¢,kd/0).
¢|d
Using the Mébius inversion formula, we deduce that

G(n'd,K'd) =Y u(O)F(n'd/t, K d]t)
d
or
Z w(OF(n/t,k/L).
¢|d
The converse follows in a similar way from the Mobius inversion formula. O

Remark 7.1. We observe that using the above inversion, we can find an expression
of Mobius function in terms of Ramanujan’s sum c4(n). We will write Ramanujan’s
sum as ¢(g,n). It is known that [4l, Section 8.3]

c(gn) = Y nlg/O)L.

£|(q,m)
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Now, we observe that

A S ey

(@n) O (g,n)
Using the inversion formula with
c(g,n) 1(q)
F(g,n) = and G(g,n) = ,
(@) (g,n) (@) (¢, n)

we deduce that
wa) _ T C(q(/j?g/f)m(()

£|(q,n)
wa) = Y clg/t:n/0)eu(l).

£(g;n)
Theorem 7.3. Let k and n be positive integers. Then
cor(n) =0 (mod k?).
We will next prove Theorem [.3]

Proof of Theorem [[3 Given a k-colored generalized Frobenius symbol A repre-
sented by ([CI]), we say that the color difference of A is m when m is the sum of
the numerical values of the colors on the first row minus the sum of the numerical
values of the colors on the second row of A. In other words,

m=ci+cat-+ca— () +ch+-+)).

Let ¢y, (m,n) denote the number of k-colored generalized Frobenius symbols A of n
with color difference m and order k. Let c¢y(m,n) denote the number of k-colored
generalized Frobenius symbols A of n with color difference m. These functions
satisfy the following analogue of ((C.4):

(78) contmn) = S (5.2,

|k

The proof of ([8)) is the same as (4] by checking that there is a one-to-one
correspondence between a k-colored generalized Frobenius symbol of n with color
difference m and order £ and an ¢-colored generalized Frobenius symbol of n/(k/¢)
with color difference m/(k/¢) and order ¢. The only additional step we need to
observe is that under our previous construction, when we replace the k-colored
generalized Frobenius symbol A of n with a k-colored generalized Frobenius symbol
AT with only colors j with 1 < j < ¢ (by identifying colors belonging to the cycle
containing j), the color difference of AT becomes m/(k/¢). This is because if a color
j appears in A, then the rest of the colors belonging to the cycle containing j are
of the form j + wf, 1 <w < k/¢.

Using an inversion formula similar to Lemma [Z.I] with two-variable arithmetical
functions replaced by three-variable arithmetical functions, we deduce from (7.8)
that

(7.9) cdi(min) = > u(Oconse (75 ) -

ok
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Now, the function

Z Zc¢k(m,n)t

m=—oo n=0

is the constant term, i.e., coefficient of 2 of the function
k
[T 6 D)oe(z7 75 0)on
J=1
which we shall write as
oo [ k
(7.10) > > cop(m,n)tmg" = H 243 Q)oo (27175 q) oo
m=—oo n=0 j=1

See |2, Theorems 5.1 and 5.2, pp. 4-6] for examples of expressing generating func-
tions of various partition functions as constant terms of infinite products involving z.
From ([79) and (ZI0), we deduce that

5 S-S 5 Son (8

m=—oo n=0 £k m=—o00 n=0
= Z u(f) Z Z chrye (myn) tm gt
Lk m=—oo n=0
k/¢
= Z u(0)CT H(zt@qé; ooz %) o
k j=1
k/e
(7.11) => w@CT | TI(z"7¢" ¢")oe (=741 s | -
k j=1

where the last equality follows from the fact that (ZI0) holds with z replaced by
z* for any positive integer a.
Next, we rewrite the left hand side of (I0) as

Z Zcqbk (m,n)t™q" Z i Zcqbk (sk 4 j,n)tsF+ign
m=—o0 n=0 j=0s=—o0on=0
[eS) k-1 oo

(7.12) =3 (D] D cdplsk+4n)tFH | g

n=0 \ j=0s=—o0

Let
Ck:(ju n) = Z @k)(man)'
m=—o0o
m=j (mod k)
Let t = 1 in (C.I2). Note that
cp(n) = Z cy(m,n).
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We find that

>
|
-

(7.13) > cxlin) = cop(n).

<
Il
o

Next, if t = ¢ # 1 is a primitive r-th root of unity with r|k, then from (12, we
deduce that

oo [e9) oo k—1
(714) Z Z@k(m,n)(mqn = Z ch(j’ n)qun.
m=—oo n=0 n=0 j=0

To complete the proof of ([T3]), we need the following lemma.

Lemma 7.2. Let (j; be a primitive k-th root of unity. Then (}, is a root of

k
P,(t) := ce(d,n)t!
J

|
—

Il
o

foralll1<s<k-—1.

Assume that Lemma[l:2]is true. It would imply that P, (t) is divisible by Q(¢) =
1+t+---+t*=1 and since the degrees of P,(t) and Q(t) are the same, we must
conclude that ¢, (j,n) = cx(0,n) are all equal for 1 < j < k — 1. From (ZI3), we
conclude that

cor(n) = kep(0,n).
Let Sy be the set of k-colored generalized Frobenius symbols of n of order k with
color difference divisible by k. Note that |So| = ¢x(0,n). If 7 € Sy, then 7 under
the action of ai, 1<j<k-—1,is alsoin Sy since the residue of the color difference
is invariant modulo £ under the action of ¢ and the order of 7 is k. This implies
that Sy can be grouped into disjoint sets containing k elements in each set, which
implies that &k divides ¢;(0,n). Therefore,

) =0 (mod K2),
and this completes the proof of ([T3]). O

It remains to prove Lemma

Proof of Lemma [L2l Given any integer j between 1 and k — 1, there exists an
integer 7|k such that (] is a primitive r-th root of unity. Therefore, to prove
Lemma [72] it suffices to prove that P,({) = 0 for any primitive r-th root of unity
with r|k. From (ZI1) and (TI4), we deduce that

k/e

(7.15) D Pu(Qg" =Y wOCT | TT("¢7¢% ) oo (7 ¢ Y50 )0

n=0 Lk j=1

The presence of the factor p(¢) in (ZI5) shows that we only need to consider divisors
of the squarefree part of k. Fix a prime p which divides r and separate the sum
in (ZI3) into a sum over divisors of the form d where (p,d) = 1 and a sum over
divisors of the form pd. We only need to show that the term corresponding to d
cancels with the term corresponding to pd.
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Observe that since d is squarefree and (d,p) = 1, we can write d = ww’ where
wlr and (w’,r) = 1. Note that the term corresponding to d = ww' is

k/(ww’)

O [ uwn’) T ¢ g )aole™™ ¢ 91 )
j=1

= p(ww')CT ((zrw'qrw/; qrw/)/;o/(rw/)(z—rw’; qrw’)lgc/)(rw’))

since (% is an r/w-th primitive root of unity and

v

[Ta-2¢)=0a-2).

§j=0
Similarly, the term corresponding to pd = pww’ is

k/(pww’)
CT u(pww’) H (prwlgpww’jquw/ : quw’)oo(zfpww'gfpww'j; quw')oo
Jj=1

= ,u(pww')CT ((Z'rw'qrw'; qrw')’&{(’r‘w')(zfrw'; qrw')l&/)(rw’)> '

Clearly these two terms cancel as p(pww’) = —p(ww’). This completes the proof
of the lemma. O
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